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Abstract— PI controllers are favorable for implementation in 

most industrial computer controller platforms as well as 
integrated circuit platforms. In the present paper a multivariable 
Proportional plus Integral (PI) controller is designed for the 
regulation of ethanol concentration in a continuous fermenter, 
being a reactor with several industrial and biomedical 
applications. Based upon the nonlinear model of the fermentation 
process, a linear approximant of the process is analytically 
derived. The range of accuracy of the linear approximant is 
determined using a mixed norm criterion. Based upon the linear 
approximant and a metaheuristic algorithm, a multivariable PI 
controller is designed in order to satisfy stability for the closed loop 
system, asymptotic command following for the ethanol 
concentration and model following of the respective closed loop 
linear approximant system. Performance of the proposed control 
scheme when applied to the original nonlinear model is 
satisfactory, even for large external commands. 

Keywords — bioreactors, PI controllers, metaheuristic 
algorithms 

I. INTRODUCTION 
The interest for industrial fermentation processes in the 

production of chemicals, pharmaceuticals and other related 
products is increasing. Of particular importance is the use of 
fermentation for biomedical related applications (indicatively 
see [1]-[4]) where they are used for the production of anti-viral 
drugs, therapeutic recombinant proteins and DNA, monoclonal 
antibodies as well as alcoholic compounds. 

Towards controlling ethanol fermentation in bioreactors, 
several approaches have been proposed. Indicatively, see [5]-[6] 
and the references therein. Of particular interest are continuous 
fermentation processes, upon which three term type of 
controllers are applied. Indicatively, in [7], the mathematical 
model of a continuous ethanol fermentation process with 
delayed inhibition is presented. Using as a sole actuatable input 
the dilution rate, a PI controller is designed to stabilize the 
process for any process delay. Furthermore, the problem of 
noisy measurements is addressed through an appropriate filter. 
In [8], a nonlinear model predictive controller is designed for the 
control of a bioethanol production process. The controller 
considers three different controlled variables (ethanol 
concentration, productivity, and inverse of the productivity) and 
the results are compared to those derived using a standard PI 
controller. In [9], an inferential control scheme based on 
adaptive linear neural network soft sensors together with PID 

controllers, is designed for the regulation of an ethanol 
fermentation process. In [10], the problem of the dumping of 
oscillatory phenomena in a continuous bioethanol production 
process is studied using P and PI types of controllers and it was 
shown that the presence of the integral term significantly 
improves the performance of the control scheme. In [11], a 
decentralized PI controller tunning algorithm for the control of 
a bioethanol production process is proposed. In [12], a 
decoupled input–output linearizing controller has been designed 
for controlling an ethanol production bioprocess and its 
performance was compared to that of a proportional–integral–
derivative (PID) controller. In [13], the development and 
implementation of regulatory PI type control structures in the 
operation of a Simultaneous Saccharification and Co-
Fermentation process for bioethanol production is proposed. In 
[14], a linear MIMO PI controller has been designed for the 
control of a bioreactor used in ethanol production. The controller 
parameters have been tunned using the robust performance 
number methodology. It is important to mention that PI as well 
as P and PID controllers are offered for implementation in most 
industrial computer platforms, like PLCs, μCs, and DSPs, as 
well as integrated circuit platforms (indicatively see [15] to [17] 
as well as the references therein). Considering network 
connectivity capabilities of PLCs, PI controllers are easily 
implementable as part of remote supervisors (see [18] and the 
references therein).  

In the present paper, a multivariable PI type of controller is 
designed for the regulation of ethanol concentration in a 
continuous fermenter. First, the model of the process is 
presented in the form of a nonlinear state space description. 
Based upon the nonlinear model of the process, its nominal 
values are evaluated, and a linear approximant of the nonlinear 
model is produced. The range of accuracy of the linear 
approximant, as compared to the original nonlinear model, is 
quantitatively determined through series of computational 
experiments and using a mixed norm criterion. Based upon the 
linear approximant, a multivariable linear PI controller is 
designed to satisfy the following goals: a) stability of the closed 
loop system, b) asymptotic command following for the 
performance output of the system and c) model following of the 
closed loop linear approximant system. The above goals are 
satisfied by tuning the controller parameters via a metaheuristic 
algorithm. Through series of computational experiments, it is 
shown that the application of the linear PI controller to the 
original nonlinear model performs satisfactorily, even for large 
external commands. 



II. DYNAMICS OF A CONTINUOUS ETHANOL FERMENTER 

A. Nonlinear Model 
The nonlinear model of a continuous ethanol fermenter will 

be presented. Assuming that the volume of the fermenter is 
constant and that it is perfectly mixed, the model describing the 
fermentation process is of the form (see [19]): 
 ( ) ( ),x t f x u= , ( ) ( )y t Cx t= , (1a,b) 

where t  is the time variable, while ( )x t , ( )u t  and ( )y t  are 
the state, input and performance output vectors, i.e.,  

( ) ( ) ( ) ( ) ( ) ( ) ( )1 2 3
T T

x t x t x t x t X t S t P t= =       , 

( ) ( ) ( ) ( ) ( )1 2

TT
fu t u t u t D t S t = =     , ( ) ( )y t P t= . 

The state variables X , S  and P  are the yeast, glucose and 
ethanol concentrations, respectively. The input variables D  and 

fS  are the dilution rate and the feed substrate concentration, 
respectively. The system vector ( ) ( ) 3 1, ,if x u f x u ×= ∈   

 is 
described in terms of the state variables, the actuatable inputs 
and the model parameters as follows: 

( ) 1 2
1 1 1 2 3 2 2

1 1
1 , )( )1( mm m iu x x x x K xP Kf x u xµ −− −− + − += +  

( ) 11 1 2
1 2 2

1
2 1 2 3 2 2, ( ) ( )1 ( )m m im XSf x u Pu u x x x Yx K x K xµ − −−−− − − + +=  

( ) 1 2 1
1 3 1 2 3

1
1 23 2, (1 ( ))m im mf x u bx u x ax x x K x K xPµ − −−− + − + += , 

where mµ  is the maximum specific growth rate, mK  is the 
substrate saturation constant, iK  is the substrate inhibition 
constant, mP  is the product saturation constant, XSY  is the cell-
mass yield and a  and b  are yield parameters for the product. 
The performance output matrix is [ ] 1 30 0 1C ×= ∈ . 

B. Linear Approximant 
The linear approximant of the nonlinear model (1) will be 

derived around appropriate nominal points corresponding to 
constant operating conditions for all system variables. Let 1u , 

2u , ix  ( 1, 2,3i = ) and y  be the nominal points of 1u , 2u , ix    
( 1, 2,3i = ) and y  respectively. The respective vectors of the 
nominal values for the actuatable inputs and the state variables 
are denoted by u  and x  respectively.  Using (1), the nominal 
points can be expressed in terms of the nominal values of the 
actuatable inputs as 

( ) 12
11 10.5 XS m i XS mx Y P u K Y b auµ

−
=  − +   

( ) ( ){ }1 1 1 2 1 22m i m i XS mP u K u u u K Y b au uµ µ  − + + + ∆ − , 

( ) ( )
( )

1 1 1 2

2
1 1

2 2
i m m XS m

i XS m m

K P u u Y b au u
x

K Y b au P u

µ µ

µ

− + + + ∆

 + − 

  = , 

( )
( )

1
3

1 1 1
3 2 2

XS

m i XS m

x
Y b au

P u K Y u b auµ
+

×
− +

=  

( ) ( ){ }2
1 2 1 1 1 22 m i m m XS mP u u K P u u Y b au uµ µ+ − − +   + ∆ , 

( )2 2
1 1 14 i m m i XS m mK K P u K Y b au P uµ + − + ∆ =    

( ) ( ) 22
1 1 1 2i m m XS mK P u u Y b au uµ µ+ − +  + . 

The linear approximant of the model (1) is of the form  

 ( ) ( ) ( )x t A x t B u tδ δ δ= + , ( ) ( )y t C x tδ δ=  (2a,b) 

where ( ) ( ) ( )u t u t u t uδ = ∆ = − , while ( )x tδ  and ( )y tδ  are 
the responses of (2) and approximate ( ) ( )t x t xx = −∆  and 

( ) ( )t y t yy = −∆ , respectively. The approximation is accurate 
around an operating point ( )o t o=  ; ( )( ) ( ), ( ), ( )o t u t x t y t= , 

( ), ,o u x y= . The system matrices in (2a) and (2b) are 

( ), /
o o

A f x u x
=

= ∂ ∂  and ( ), /
o o

B f x u u
=

= ∂ ∂ . The nonzero 

elements of the system matrices 3 3
,[ ]i jA a ×= ∈  and 

3 2
,[ ]i jB b ×= ∈  are computed to be: 11,1b x= − , 22,1 2u xb = − , 

12,2b u= , 33,1b x= −  and 

( ) ( ){ } 12
2 3 2 2 11,1 i m m m i mK x P x P x Ka K x uµ

−
 + − + −= , 

( )( ) ( ) 21 2
1,2

2
1 2 3 2 2m i m i m m i ma P K x K K x P x x K K xµ

−− − + =  − + , 

( ) 11 2
1 21,3 2 2m i m i ma P K x x x K K xµ− −

−  =  + + , 

( ) ( ) 11 1 2
2 3, 22 21 m XS i m m i mP Y K x x P x Ka K xµ− − −

+ = − + , 

( )( )1 1 2
12,2

2
1 2 3 2/m XS i m i m mxa u P Y K K K x P x xµ− − − − − − +=   

( ) 2
2i mK K x+  ( ) 11 1 2

12,3 2 2 2m XS i m i mPa Y K x x x K K xµ
−− −  =  + + , 

( ) ( )1 2
2 3 2

1

3 2,1 m i m m i ma b aP K x P x x K K xµ− −
+ + =  − + , 

21 2 2
1 2 3 2 23,2 ( )( ( ))m i m i m m i maP K x K K x P x x K K xa µ

−− − − +  += , 

( ) 11 2
1 1, 2 2 23 3 m i m i mu aP K x x xa K K xµ− −

− += +  −  . 

C. Accuracy of the Linear Approximant 
 To examine the accuracy of the linear approximant (2), as 
compared to the nonlinear model (1), a test approach similar to 
that presented in [20] will be applied. Assume that both 
nonlinear and linear approximant systems operate at the nominal 
points presented in the previous subsection. Let the actuatable 
inputs be of the form 
 ( ) ( )( )1j j j su t u p u t= + ( 1,2j = ) (3) 

where ( )su t  is the unit step signal and jp ( 1,2j = ) is the 
percentile change of the input signals from the respective 
nominal value.  Note that jp  can be either negative or positive. 
Given jp , a set of nonlinear and linear approximant responses 
for the state variables is generated, let ( )ix t  and ( )ix tδ                  
( 1, 2,3i = ) respectively. To quantitatively examine the 
accuracy of the linear approximant, define the following metrics 
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where ( ) ( )max2 2

2 0

T
h t h t dt

−
= ∫  and ( )

[ ]
( )

max0,
sup

t T
h t h t

∞ ∈
= , 

where ( )h t  is a real function of time and maxT  is a time 
parameter selected by the designer. In what follows, maxT  will 
be selected being equal to the maximum settling time of the step 
responses (from all inputs to all state variables) of the linear 
approximant system (2) for unit step input signals.  
 Define the composite metric 
 ( ) 21J J Jµ µ∞= − +  (5) 
where [ ]0,1µ ∈  is a weighting factor selected by the designer. 
In order to declare the linear approximant being accurate, the 
following constraints must be satisfied 
 1 1J e< , J e<   (6a,b) 
where 1e  and e  are appropriate positive bounds set by the 
designer. Let  -10.48 hmµ  =   , [ ]1.2 g/lmK = , [ ]22 g/liK = , 

[ ]50 g/lmP = , [ ]0.4 g/gXSY = , [ ]/g2.2 ga =  and [ ]/g0.2 gb = . 
Assuming that -1

1 0.15 hu  =    and [ ]2 20 g/lu = , the nominal 
values for the state variables are evaluated to be 

[ ]1 5.58807 g/lx = , [ ]2 1.3731 g/lx =  and [ ]3 19.7445 g/lx = . 
Using the above presented data and nominal values, it can be 
verified that [ ]max 38.51 hT = . Assume that 1 2,p p ∈

[ ]0.25,0.25 100%− × , 0.3µ = , 1 10%e =  and 15%e = . In 

Figures 1 and 2, contour plots for of the metrics 1J  and J  are 
presented. Note that, in all colored areas in the contour plot, the 
constraints in (6) are satisfied. 
 It is important to mention that the potential for the use of the 
linear approximant (2) for controller design purposes has also 
been demonstrated in [19], where in an open loop system 
behavior examination it is observed that for up to 30% dilution 
rate changes the input/output behavior is nearly linear. In the 
same study, significant nonlinear behavior is observed for 
changes in the feed substrate concentration. Applying series of 
computations as well as using the results in [19], it can be 
verified that the open loop system (1) is stable. Regarding the 
stability of (2), it is observed that the degree of its characteristic 
polynomial is three, while the coefficients of this polynomial 
depend entirely upon the model parameters and the nominal 
points of the process. For typical values of the model parameters 
and the nominal points of the process, the roots of the 
polynomial lay in the left half complex plain. Indicatively, using 
the values of the model parameters and the nominal point,  
presented in the previous paragraph, it is observed that the roots 
are 1 0.906π = − , 2 0.157π −=  and 3 0.15π = − . Let 1( )H s  
and 2 ( )H s  be the transfer functions mapping 1( )u tδ  and 

2 ( )u tδ  to the performance output, respectively. Using the 
values of the model parameters and the nominal point, presented 
above, it can be verified that the gain margins for 1( )H s  and 

2 ( )H s  are 0.015307  and infinity, respectively. The phase 
margins are 91.7  and infinity, respectively. 

III. A METAHEURISTIC MULTIVARIABLE PI CONTROL SCHEME 

A. Controller Structure 
A multivariable PI controller for the regulation of the 

performance output of the system will be designed. Both 

actuatable inputs are available for manipulation, while only the 
ethanol concentration is considered to be measurable. In the 
frequency domain, the proposed controller structure is  

 
Fig. 1. Accuracy metric 1J  for various input changes. 

 
Fig. 2. Accuracy metric J  for various input changes. 

 ( ) ( ) ( )( ),1 ,1 ,2 ,2 3
1 1 T

P I P IU s f f f f W s X s
s s

δ κ δ = + + −  
(7) 

where , ,,P j I jf f ∈  ( 1, 2j = ), κ ∈ , ( ) ( ){ }W s w t= , 

( ) ( ){ }3 3X s x tδ δ=  , where { }  denotes the Laplace 
transform of the argument signal  , and ( )w t  is the external 
command.  

B. Analysis of the Design Goal 
 The design goal is to find appropriate controller parameters

,P jf , ,I jf  ( 1, 2j = ) and κ  such that the linear approximant 
closed loop satisfies the following design requirements: 

i. Stability, 
ii. Asymptotic command following,  

iii. The transfer function resembles as possible an ideal 
stable model, namely a desired transfer function. 

 The design requirement (i), is satisfied if and only if  
 { }Re 0qρ < ; 1, 4q =   (8) 



where qρ ∈  ( 1, 4q =  ) are the roots of the closed loop 
characteristic polynomial ( ) 4 3 2

3 2 1 0cp s s s s sα α α α= + + + + . 
Applying appropriate manipulations, the coefficients jα               
( 0, ,3j =  ) are derived to depend upon the nominal values of 
the inputs and the state variables, the model parameters and the 
free controller parameters. Stability can be guaranteed by 
applying a classical Routh-Hurwitz criterion and choosing the 
controller parameters satisfying the resulting inequalities.   
 Regarding the design requirement in (ii) and assuming that 
the closed loop system is stable, it is observed that asymptotic 
command following for the performance output is guaranteed 
if and only if 1κ = .  
 Regarding the requirement (iii), an approach similar to that 
presented in [21] will be used. Applying series of computations, 
it can be observed that the transfer function mapping the 
external command to the performance output is of the form 
 ( ) ( ) ( )3 2

3 2 1 0 /y cH s s s s p sβ β β β= + + + , (9) 
where the coefficients jβ  ( 0, ,3j =  ) depend upon the 
nominal values of the inputs and the state variables, the model 
parameters and the free controller parameters. Define the 
following H-infinity cost function 
 ( ) ( ) ( ),1 ,1 ,2 ,2, , ,P I P I m yJ f f f f H s H s

∞
= −  (10) 

where ( )mH s  is a model transfer function to be selected by the 
designer. The target is to find appropriate controller parameters 

,P jf  and ,I jf , satisfying the inequality in (8) while J  is 
minimized. Here, it is proposed that the model transfer function 
is of a 3rd order all pole expression with real poles, i.e. 

( )mH s =  

( )( )( )1 2 31/ 1 1 1T s T s T s+ + +   . The selection of the controller 
parameters does not depend upon the external command. 
C. Controller Parameter Selection via a Metaheuristic 

Algorithm 
Considering the highly nonlinear nature of the cost function 

in (10) and the form of the inequality constraints coming from 
the conditions in (8), it is concluded that the analytical 
determination of the controller parameters is a quite difficult 
task. To this end, a metaheuristic algorithm, similar to that 
presented in [22] and [23], will be proposed. The basic idea of 
the algorithm is to define an initial search area for the controller 
parameters and after several loops to contract to a suboptimal 
solution that minimizes the cost criterion in (10) under the 
constraints imposed by (8). The proposed metaheuristic 
algorithm is of the form: 

Initial Data and Performance Criterion 
1) Center values and half widths for the initial search area of 
the controller parameters ( ),P j c

f , ( ),I j c
f , ( ),P j w

f  and  ( ),I j w
f  

( 1, 2j = ). 
2) Performance criterion ( ),1 ,1 ,2 ,2, , ,P I P IJ f f f f .  
3) Iteration parameters loopn  , repn , totaln ∈ . 
4) Search algorithm threshold γ . 
Algorithm 
Step 0: Set the numbering index max 0i = . 

Step 1: Determine a search area ℑ  for the controller parameters 
according to the inequalities ( ) ( ), , ,P j P j P jc w

f f f− ≤

( ) ( ), ,P j P jc w
f f≤ +  and ( ) ( ) ( ) ( ), , , , ,i j i j i j i j i jc w c w

f f f f f− ≤ ≤ +  

Step 2: Set the numbering index 1 0i = . 
Step 3: Set the numbering index 1 1 1i i= + . 
Step 4: Set the numbering index 2 0i = . 
Step 5: Set the numbering index max max 1i i= + . If max totali n>  
go to Step 15. 
Step 6:  Set the numbering index 2 2 1i i= + . 
Step 7: Select randomly a set of controller parameters within 
the search area ℑ , let ( )

2
, ,P j P j i

f f=  and ( )
2

, ,I j I j i
f f= . 

Step 8: Check if the closed loop system is stable. If the closed 
loop system is stable, proceed to the next step. If the closed loop 
system is unstable, go to Step 7. 
Step 9: Evaluate ( ) ( ) ( ) ( )( )2 2 2 2 2

,1 ,1 ,2 ,2, , ,i P I P Ii i i i
J J f f f f=  

Step 10: If 2 loopi n< , then go to Step 5. 
Step11: Find 

1 2,min 2min{ , 1, , }i i loopJ J i n= =   and the 

corresponding controller parameters, let ( )
1

,P j i
f  and ( )

1
,I j i

f . 

Step 12: If 1 repi n≥ then find the controller parameters   

( ), minP jf , ( ), minI jf , ( ), maxP jf  and ( ), maxI jf  ( 1, 2j = ), 

corresponding to 
1min ,min 1min{ , 1, , }i repJ J i n= =   and maxJ =

1 ,min 1max{ , 1, , }i repJ i n=  . Else go to Step 3. 

Step 13: Define ( ) ( ), , minP j P jc
f f= , ( ) ( ), , minI j I jc

f f= , 

( ) ( ) ( ), , ,min maxP j P j P jw
f f f= − , ( ) ( ) ( ), , ,min maxI j I j I jw

f f f= −  

Step 14: If  ( ) ( ) ( ) ( ){ }, , , ,max / , /P j P j I j I jw c w c
f f f f γ> and  

max totali n< , go to Step 1. If  ( ) ( ){ , ,max / ,P j P jw c
f f  

( ) ( ) }, ,/I j I jw c
f f γ≤  or max totali n≥ , go to Step 15. 

Step 15: Set ( ), , minP j P jf f=  and ( ), , minI j I jf f= . 

 
IV. SIMULATION RESULTS 

To demonstrate the efficiency of the proposed control 
scheme, consider the data presented in Section 2. Furthermore, 
let the model transfer function parameters be 1 5T = , 2 10T =  
and 3 15T = . Also, let the metaheuristic algorithm parameters be 

100loopn = , 20repn = , 710 [ ]totaln = − , 310 [ ]γ −= − ,   

( ) ( ) ( ) ( ),1 ,1 ,2 ,2 0P I P Ic c c c
f f f f= = = = , ( ) ( ),1 ,1P Iw w

f f= = , 

( ) ( ),2 ,2 0.01P Iw w
f f= = . Applying the metaheuristic algorithm, 

the following controller parameters, are derived 
,1 0.00010255Pf = ,  ,1If = 0.00026625− , ,2 0.068287Pf −= , 

,2 0.018998If = . The resulting cost criterion is 0.03556J = .
 To demonstrate the efficiency of the controller, let 
( ) ( )s sw t w u t=  where [ ]0.1 g/lsw = . In Figures 3 to 7, the 



closed loop responses of the state and actuatable input variables 
(both for the nonlinear and linear approximant models) are 
presented. From all figures it is observer that the nonlinear and 
linear approximant closed loop responses are visually identical.  
Furthermore, all responses remain appropriately bounded.  
 With respect to the performance variable (see Figure 5), it is 
observed that asymptotic command following is achieved both 
for the linear and nonlinear closed loop responses. Comparing 
a) the nonlinear closed loop response to the linear closed loop 
response, b) the nonlinear closed loop response to the reference 
response and c) the linear closed loop response to the reference 
response it is observed that there exist minimal deviation 
between the responses being smaller than [ ]63.6825 10 %−⋅ , 

[ ]3 %9 6 16759 0. −⋅  and [ ]3 %9 1.66 2 04 −⋅ , respectively. To 
examine the performance of the controller for larger external 
commands, as compared to the model response, a metric like 
that in (5), will be used. Performing series of computational 
experiments for different values of the amplitude sw  of the 
external command, ranging from -10% to 10% of the nominal 
value of the ethanol concentration, it is observed that the 
composite error remains within acceptable limits (see Figure 8). 
Efficiency of the proposed control scheme is expected to 
deteriorate as the external commands become larger and the 
system diverges from the operating point upon which the 
controller has been designed. To widen the range of the external 
commands, multiple controllers, for different operating 
conditions, can be designed and orchestrated be a step wise 
controller switching algorithm (indicatively see [20] and [24]). 

 

 
Fig. 3. Closed loop response for the yeast concentration 
 
 

 

 
Fig. 4. Closed loop response for the glucose concentration 

 
Fig. 5. Closed loop response for the ethanol concentration 

 

 
Fig. 6. Closed loop response for the dillution rate 

 

 
Fig. 7. Closed loop response for the feed substrate concentration 

 

 
Fig. 8. Composite error for various external command. 



V. CONCLUSIONS 
A multivariable PI type of controller has been designed for 

the regulation of ethanol concentration in a continuous 
fermenter. Based upon the nonlinear model of the process, its 
nominal values have been evaluated and a linear approximant of 
the nonlinear model has been produced. The accuracy of the 
linear approximant as compared to the original nonlinear model 
has been quantitatively examined, using a mixed norm criterion 
as well as performing series of computational experiments. 
Based upon the linear approximant, a multivariable PI controller 
has been designed to achieve stability of the closed loop system, 
asymptotic command following of the performance output of the 
system and model following of the closed loop linear 
approximant system. The above goals have been satisfied by 
appropriate tuning of the controller parameters, via a 
metaheuristic algorithm. Application of the controller to the 
original nonlinear model, through series of computational 
experiments has been proven to be satisfactory, even for large 
external commands. 

Future research includes more rich feedback controllers, 
based on the state variable observation approach in [25], towards 
compensation of model uncertainties and measurement noise. 
The issue of the design of common PI controllers (see [26]) of 
continuous fermenters is currently under investigation. Also, the 
study of the control of fermenters that include delays in their 
mathematical model (see [7]) and protocols for remote control 
(see [27]), using multivariable control design methods with time 
delays (see [28]) is currently under investigation.   
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