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Abstract—The performance of switch-and-examine diversity (SED)
over L arbitrarily correlated and not necessarily identically distributed
Nakagami-m fading channels is studied. Analytical expressions for the
distribution of the SED output signal-to-noise ratio (SNR) are obtained
for the constant correlation model. For the most general case of arbitrary
correlation, by assuming half-integer or integer values for the fading
parameter m, analytical expressions for the distribution of the output SNR
with L ≤ 3 are derived. Moreover, for L > 3, analytical approximations
for the output SNR are presented. The derived expressions are used to
study the outage and average symbol error probability of SED receivers.
Performance results obtained by numerical evaluation and verified by
means of computer simulations show that the performance of the receivers
under consideration is degraded with increasing branch correlation. Nev-
ertheless, SED receivers outperform uncorrelated switch-and-stay diver-
sity receivers, even when they operate under high branch correlation.

Index Terms—Average bit error probability (ABEP), correlated fading,
diversity techniques, multichannel receivers, Nakagami-m distribution,
outage probability (OP), switched diversity.

I. INTRODUCTION

Diversity techniques combat the destructive effects of multipath
fading by means of multiple reception of the same information-bearing
signal [1]. In practice, the vast majority of these techniques requires
dedicated channel estimation and matched filtering for every diversity
branch, which increases their implementation complexity [2], [3]. For
reduced complexity implementations, a wide variety of switching-
based diversity techniques has been proposed in the past (see, e.g.,
[4]–[9] and the references therein). Among these techniques, switch-
and-stay diversity (SSD) [1]–[3], [5], [10], [11] and switch-and-
examine diversity (SED) [4], [12] require estimation and processing
of only one of the many diversity branches. These two diversity
techniques are simple to implement at the expense of an attendant
loss in performance [5]. Furthermore, they enable flexible designs
since diversity can either be realized at the receiver or exploited at
the transmitter’s side [4]. To avoid switching during data transmission,
both techniques are typically implemented in a discrete-time fashion
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(see, e.g., [2]–[5], for specific implementation designs). In particu-
lar, channel estimation and, when necessary, switching to alternative
diversity branches are periodically performed during a guard period
between two consecutive time slots for data transmission.

In multibranch SSD reception, the receiver switches to and stays
with the next available diversity branch, regardless of its signal-to-
noise ratio (SNR) when the instantaneous SNR on the current branch
becomes unacceptable, i.e., lower than a certain switching threshold.
For the SED, the combiner first examines the next branch’s SNR
and switches again only if this SNR is unacceptable. When switched
diversity is used at the transmitter, the downlink channel corresponding
to the selected branch is monitored either through a feedback channel
or by using a time-division duplex protocol that capitalizes on the
reciprocity of the channel [4]. The importance of using these two low-
complexity diversity techniques is well known, particularly in practical
cost-stringent applications, e.g., for power- and/or size-limited mobile
terminals, such as mobile handsets [13], [14], where correlated fading
is usually present [1], [15]–[28]. On the one hand, multibranch SSD
has been studied for various not necessarily identically distributed
(i.d.) and/or arbitrarily correlated fading channels [4], [5], [10], [23].
Interestingly, it has been established that its performance does not
improve for more than two diversity branches [4]. On the other
hand, despite the fact that, in general, SED performance improves
with increasing number of diversity branches [4], [12], to the best
of our knowledge, multibranch SED has been studied so far only for
independent and i.d. fading channels.

In this paper, we study the performance of multibranch SED over
L arbitrarily correlated and not necessarily i.d. Nakagami-m fading
channels. For the constant correlation model, analytical expressions
in the form of infinite series for the cumulative distribution function
(CDF) and the probability density function (PDF) of the SED output
SNR are derived. Assuming arbitrary correlation and half-integer or
integer values of the fading parameter m, analytical expressions and
approximations in infinite series form are derived for the distribution
of the SED output SNR, with L ≤ 3 and L > 3, respectively. These
expressions are used to study the outage probability (OP) and average
symbol error probability (ASEP) of multibranch SED. The analysis
and the theoretical performance results obtained are verified through
comparisons with equivalent computer simulation performance
evaluation results.

The remainder of this paper is organized as follows: In Section II,
analytical expressions for the distribution of the SED output SNR are
derived, whereas in Section III, the performance analysis of multi-
branch SED receivers is presented. Section IV presents numerical and
computer simulation performance evaluation results, and Section V
contains the conclusions.

II. OUTPUT SIGNAL-TO-NOISE RATIO STATISTICS

Let us consider a diversity system with L correlated branches re-
ceiving digitally modulated signals transmitted over a slow-varying
and frequency-nonselective Nakagami-m fading channel. The base-
band signal received at the �th1 diversity branch can be expressed as

R�(t) = α� exp(−jφ�)s(t) + n�(t), 0 ≤ t < Ts (1)

1Unless otherwise stated, indexes � and i, which will be introduced later, take
values 0, 1, . . . , L − 1. Furthermore, indexes r and s, which will be introduced
later on take values 0, 1, . . . , L − 2 and 1, 2, . . . , L − 1, respectively.
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where s(t) is the transmitted complex information-bearing signal with
average symbol energy Es and symbol duration Ts, α� is the fading
envelope of the �th diversity branch, and φ� is its random phase.
Furthermore, n�(t) is the additive white Gaussian noise (AWGN) of
the �th diversity branch having single-sided power spectral density N0.
The amplitude α� is assumed to follow the Nakagami-m distribution
with marginal PDF fα�

(α) = 2α2m−1/[ Γ(m)Ωm
� ] exp(−α2/Ω�),

where Γ(·) is the Gamma function [29, eq. (8.310/1)], Ω� = E〈α2
� 〉/m

is a parameter related to the average fading power, E〈·〉 denotes
expectation, and m ≥ 1/2. For φ�, we make the usual assumptions
that it is uniformly distributed over the range [0, 2π) and that it
can be estimated and, thus, canceled at the receiver. Moreover, the
AWGN between diversity branches is assumed to be uncorrelated and
statistically independent of the received digitally modulated signal.

A. CDF

Let x(i,�) denote the (� + 1)-dimensional row vector x(i,�) =
[x(i−�)L

x(i−�+1)L
· · · xi ], with (i − �)L being the (i − �)

modulo L operation. Following this notation, let g(L−1,L−1) =
[ g0 g1 · · · gL−1 ], where g� = Esα

2
�/N0 is a vector with

the instantaneous received SNRs per symbol, and g(L−1,L−1) =
[ g0 g1 · · · gL−1 ] is a vector denoting its average value. With
SED reception, if the received instantaneous SNR of the selected
branch becomes lower than a predetermined switching threshold gT ,
the combiner examines the next branch’s SNR and switches again only
if this SNR is unacceptable [4]. In case where the instantaneous SNR
of all L branches is lower than gT , the combiner either uses the last
examined branch or switches back to the first branch for the next trans-
mission slot. Based on this mode of operation and using [4, eq. (28)],
the CDF of the SED output SNR can mathematically be expressed as
in (2), shown at the bottom of the page, where pi is the probability that
the system uses the ith antenna branch, Fgi

(g) is the marginal CDF
of gi [1, Tab. 2.2], and Fg(i,�) [g(i,�)], � ≥ 1 is the joint CDF of g(i,�).
In general, the elements of g(L−1,L−1) can arbitrarily be correlated
with the power correlation matrix (CM) Σg(L−1,L−1) ∈ �L×L. This

matrix is symmetric, positive definite, and given by Σj,k

g(L−1,L−1) ≡ 1

for j = k, with j, k = 1, 2, . . . , L and Σj,k

g(L−1,L−1) ≡ ρj,k for j 	=
k, where ρj,k ∈ [0, 1) is the power correlation coefficient between
gj−1 and gk−1 [1, eq. (9.195)]. Using Σg(L−1,L−1) , the CM of
g(r,s), i.e., Σg(r,s) , is constructed as Σn,q

g(r,s) = ρvn+1,vq+1, where

n, q = 1, 2, . . . , s + 1 and vn = (r − s + n − 1)L. For example, to
evaluate Fg(1,2) [g(1,2)] required in (2) for L ≥ 3, Σg(1,2) is con-

structed from Σg(L−1,L−1) as Σ1,2

g(1,2) = ρL,1, Σ1,3

g(1,2) = ρL,2, and

Σ2,3

g(1,2) = ρ1,2.

Clearly, to obtain analytical expressions for Fgsed(g), expressions
for the pi’s and Fg(i,s) [g(i,s)] are necessary. Starting with the pi’s
and similar to [5], by modeling the SED receiver mode of opera-
tion as an L-state Markov chain, the pi’s represent the elements of
its stationary distribution p(L−1,L−1) = [ p0 p1 · · · pL−1 ]. The
transition probabilities Pi,�’s of this chain’s transition matrix P =

[Pi,�] are given by [4, eq. (29)], and p(L−1,L−1) can be derived
using

L−1∑
i=0

pi =1 (3)

p(L−1,L−1) =p(L−1,L−1) P. (4)

The preceding two equations can be used to obtain the pi’s for a
triple-branch SED receiver as

p0 =
xz

z(x + y) + wx
(5a)

p1 =
y

x
p0 (5b)

p2 =
w

z
p0 (5c)

where x = (1 − P1,1)z − P1,2P2,1, y = P0,1z + P0,2P2,1, z = (1 −
P2,2), and w = P0,2 + yP1,2/x.

As far as Fg(i,s) [g(i,s)] is concerned, in the past, analytical ex-
pressions have been proposed for various forms of the CM Σg(i,s) .
Possibly, the first paper published in the open technical literature that
dealt with the derivation of an expression for the exact Fg(i,�) [g(i,s)]
proposing a multiple series of generalized Laguerre polynomials as
a solution was [30]. However, such expression is not useful for s ≥
2, i.e., more than two random variables, since it not only becomes
prohibitively complex but also has very poor convergence properties
[20]. Hence, simpler expressions have been introduced, considering
special forms of the CM Σg(i,s) (see, e.g., [15], [18], [21], [22],
[26], and [27]). In particular, for Nakagami-m fading, Fg(i,1) [g(i,1)]

has been obtained from [15, eq. (3)], whereas Fg(i,2) [g(i,2)] has
been derived from [21, eq. (6)] or [27, eq. (11)] for m = 1 (i.e., for
Rayleigh fading) and [22, eq. (20)] or [27, eq. (8)] for integer or half-
integer m ≥ 3/2, respectively. For the special case of w

(i,3)
1,4 = 0, with

Wg(i,s) = [w
(i,s)
j,k ] being the inverse of the Gaussian CM ΣG

g(i,s) =√
Σg(i,s) , Fg(i,3) [g(i,3)] has been obtained from [21, eq. (19)] for

m = 1 and [22, eq. (15)] for integer or half-integer m ≥ 3/2. For
the constant correlation model [1, Ch. 9], i.e., Σj,k

g(i,s) = ρ ∀ j 	= k,

Fg(i,s) [g(i,s)] has been obtained in [26, eq. (7)], whereas for the

exponential one, i.e., Σj,k

g(i,s) = ρ|j−k| ∀ j 	= k, where | · | denotes

absolute value, it has been derived for i.d. fading, i.e., g(s+1,s+1) = g,
using [18, eq. (6)]. For the arbitrary correlation model and assuming
i.d. fading, a tight upper bound and an accurate approximation for the
exact Fg(i,s) [g(i,s)] have been obtained in [25, eq. (21)] and using the
analysis of [19], respectively.

In an effort to obtain a unified representation for Fg(i,s) [g(i,s)]
that includes the aforementioned expressions as special cases, the

Fgsed(g) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∑L−1

i=0
pi Fg(i,L−1)(gT , . . . , gT , g), g < gT∑L−1

i=0

{
pi

[
Fgi

(g) − Fgi
(gT ) + Fg(L−1,L−1)(gT , . . . , gT , gT )

]
+ p(i−1)L

[
Fg(i,1)(gT , g) − Fg(i,1)(gT , gT )

]
+ p(i−2)L

[
Fg(i,2)(gT , gT , g) − Fg(i,2)(gT , gT , gT )

]
+ · · ·

+ p(i−L+1)L

[
Fg(i,L−1)(gT , . . . , gT , g) − Fg(i,L−1)(gT , . . . , gT , gT )

]}
, g ≥ gT

(2)



2082 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 59, NO. 4, MAY 2010

following novel generic expression is proposed:

Fg(i,s)

[
g(i,s)

]
=

∞∑
k1,k2,...,kU =0

A
[
Σg(i,s) , {ku}U

u=1

]

×
s+1∏
j=1

γ

[
κj , ξj

g(i+j−s−1)s+1

g(i+j−s−1)s+1

]
(6)

where γ(·, ·) is the lower incomplete Gamma function [29,
eq. (8.350/1)]; U is an integer constant; κj and ξj , where j takes values
1, 2, . . . , s + 1, are positive real parameters; and A[Σg(i,s) , {ku}U

u=1]

is a function of Σg(i,s) and {ku}U
u=1.

Although exact numerical evaluation of the right-hand side (RHS)
of (6) requires U summations of an infinite number of terms, in
practice, U minimum numbers of terms N1, N2, . . . , NU are selected
in the summations leading to a certain accuracy. Similar to [21], by
using the inequality γ(α, x) ≤ Γ(α), the truncation error Te of the
RHS of (6) can be upper bounded as

|Te| ≤
∞∑

k1=N1

∞∑
k2,k3,...,kU =0

B
(
{ku}U

u=1

)

+

N1−1∑
k1=0

∞∑
k2=N2

∞∑
k3,k4,...,kU =0

B
(
{ku}U

u=1

)
+ · · ·

+

N1−1∑
k1=0

N2−1∑
k2=0

· · ·
NU−1−1∑
kU−1=0

∞∑
kU =NU

B
(
{ku}U

u=1

)
(7)

where

B
(
{ku}U

u=1

)
= A

[
Σg(i,s) , {ku}U

u=1

] s+1∏
j=1

(κj − 1)!. (8)

It is useful to note that a tighter bound on the RHS of (6) can be
obtained using the methodology in [15, Sec. III] at the expense of more
mathematical rigor.

The specific expression the function A[Σg(i,s) , {ku}U
u=1] takes, the

values of U , and the parameters κj and ξj strongly depend on m
and Σg(i,s) . Next, we present examples where the use of (6) leads
to previously known expressions for Fg(i,s) [g(i,s)] that have been
derived, assuming certain correlation models.

Constant Correlation Model: An exact expression for
Fg(i,s) [g(i,s)] has been obtained by substituting in (6)

U = s + 1 (9a)

A
[
Σg(i,s) , {ku}s+1

u=1

]
=

(1 −√
ρ)mΓ

(
m +

∑s+1

j=1
kj

)
Γ(m)(1 + s

√
ρ)

m+
∑s+1

j=1
kj

× ρ
1/2
∑s+1

j=1
kj∏s+1

j=1
kj !Γ(kj + m)

(9b)

κj = kj + m (10a)

ξj =
m

(1 −√
ρ)

. (10b)

This expression is identical to a previously known expression for the
constant correlation model [26, eq. (7)].

Arbitrary Correlation Model: For L = 2, an exact expression for
Fg(i,1) [g(i,1)] has been obtained by substituting in (6)

U =1 (11a)

A
[
Σg(i,1) , k1

]
=

(1 −√

i)

m

κ1/2
i

k1!Γ(m)Γ(κ1)
(11b)

where 
i = ρ1+(i−1)L,1+i, and

κj = k1 + m (12a)

ξj =
m

(1 −√

i)

. (12b)

Although, due to space limitations, this expression will not be pre-
sented here, it can easily be derived from [15, eq. (3)] using a standard
random variable transformation.

For L = 3, an exact expression for Fg(i,2) [g(i,2)] has been obtained
by substituting in (6) U = 4, A[Σg(i,2) , {ku}4

u=1] as in (13), shown
at the bottom of the page, where det(·) denotes the determinant, νk4 is
the Neumann factor (ν0 = 1 and νt = 2 for t = 1, 2, . . .), and ψi,j =

|w(i,2)
i,j |2[w(i,2)

i,i w
(i,2)
j,j ]−1

κ1 =
{

k1 + k3 + k4 + 1, m = 1
k1 + k2 + k4 + m, m ≥ 3/2

(14a)

κ2 =
{

k1 + k2 + k4 + 1, m = 1
k1 + k3 + k4 + m, m ≥ 3/2

(14b)

κ3 = k2 + k3 + k4 + m (14c)
ξj =mw

(i,2)
j,j . (14d)

Although, due to space limitations, this expression is not presented
here, it can also be easily derived from [21, eq. (19)] for m = 1 and
[22, eq. (15)] for integer or half-integer m ≥ 3/2.

For L > 3 and i.d. fading, i.e., g(i+j−n−1)n+1
= g, n =

3, 4, . . . , L − 1, analytical expressions and approximations for the
exact Fg(i,n) [g(i,n)] can be obtained by substituting in (6)

U =n (15a)

A (Z, {ku}n
u=1) =

det(Z)m
∏n

j=1
z
2kj

j,j+1

/
[kj !Γ(kj + m)]

Γ(m)zk1+m
1,1 zkn+m

n+1,n+1

∏n

j=2
z

kj−1+kj+m

j,j

(15b)

where Z = [zj,k] ∈ �(n+1)×(n+1), and

κ1 = k1 + m (16a)
κp = kp−1 + kp + m, p = 2, 3, . . . , L − 1 (16b)

κn+1 = kn + m (16c)
ξj =mzj,j . (16d)

For the special case of Wg(i,n) being tridiagonal, e.g., for an exponen-
tial CM Σg(i,n) , an analytical expression for the exact Fg(i,n) [g(i,n)]
can be obtained by substituting (15) and (16) for Z = Wg(i,n) in
(6). Similar to the previous cases, it can easily be verified that this

A
[
Σg(i,2) , {ku}4

u=1

]
=

⎧⎪⎪⎨
⎪⎪⎩

det
[
Wg(i,2)

] νk4 (−1)k4ψ
k1+k4/2
1,2 ψ

k2+k4/2
2,3 ψ

k3+k4/2
3,1∏3

�=1
k�!(k�+k4)!w

(i,2)
�,�

, m = 1

det
[
Wg(i,2)

]m (−1)k4 (m+k4−1)(2m+k4−3
2m−3 )

[
w

(i,2)
1,2

]2k1+k4
[

w
(i,2)
1,3

]2k2+k4
[

w
(i,2)
2,3

]2k3+k4

(m−1)
∏3

�=1
k�!Γ(k�+m+k4)

[
w

(i,2)
�,�

]κ�
, m ≥ 3/2

(13)
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expression can also be derived from [18, eq. (6)] in a straightforward
way; thus, it will not be repeated here. For an arbitrary CM Σg(i,n) ,
again, substituting (15) and (16) for Z = C−1

g(i,n) in (6), where Cg(i,n)

is a Green’s matrix with the elements being the closest possible values
to the entries of Σg(i,n) , yields an approximation for Fg(i,n) [g(i,n)].
It is noted that the same expression can also be easily derived using the
analysis in [19].

B. PDF

Substituting (6) in (2) and after differentiation, the PDF of the SED
output SNR can be expressed as

fgsed(g)=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑L−1

i=0

∑∞
k1,k2,...,kU=0

piξ
κL
L

× A
[
Σg(i,L−1) , {ku}U

u=1

]
CL−1(gT )

× H(κL, ξL, g), g < gT∑L−1

i=0

{
pi

(m/gi)
m

Γ(m)
H
(
m, m

gi
, g
)

+
∑L−1

s=1

∑∞
k1,k2,...,kU=0

p(i−s)L

×ξ
κs+1
s+1 A

[
Σg(i,s) , {ku}U

u=1

]
×Cs(gT )H(κs+1, ξs+1, g)

}
, g≥gT

(17)

where Cs(gT ) =
∏s

j=1
γ[κj , ξjgT /g(i+j−s−1)s+1

], and function
H(a, b, g) is defined as

H(a, b, g)
Δ
= ga−1 exp(−bg) (18)

with a and b being positive real constants.
Next, first, considering a constant CM Σg(L−1,L−1) , the procedure

that will lead to the derivation of novel analytical expressions for the
exact fgsed(g) will be highlighted. Second, for the most general case
of an arbitrary CM Σg(L−1,L−1) , we have obtained the following:
1) for L ≤ 3, novel analytical expressions for the exact fgsed(g) and
2) for L ≥ 4, approximations for fgsed(g). Although, due to space
limitations, the latter expressions will not be shown here, the steps
leading to their derivation will also be highlighted.

Constant Correlation: For a constant Σg(L−1,L−1) , the Σg(i,s) ’s
are also constant CMs. By substituting (9) and (10) in (17), an
analytical expression for the exact fgsed(g) is obtained, as in (19),
shown at the bottom of the page. For L = 2, this expression is identical
with [4] since dual-branch SED and dual-branch SSD have identical
performances [4].

Arbitrary Correlation: Similar to the derivation of (19), substituting
(11)–(14) in (6) and then in (17) yields an analytical expression for
the exact fgsed(g) for L ≤ 3. Again, for L = 2, this expression agrees

with [4, eq. (11)]. For L ≥ 4, substituting (11)–(14) in (6) and (15)
and (16) with Z = Wg(i,n) when Wg(i,n) is tridiagonal and with
Z = C−1

g(i,n) for arbitrary forms of Wg(i,n) ’s yields an analytical

approximation for the exact fgsed(g), which can be found in [28].

III. PERFORMANCE ANALYSIS

The previously described formulas will be used to obtain ana-
lytical expressions for the performance of multibranch SED receivers
operating over arbitrarily correlated and not necessarily i.d. Nakagami-
m fading channels.

A. OP

The OP Pout is defined as the probability that the SED output SNR
falls below a given outage threshold gth. This probability can easily be
obtained by setting g = gth in (2), yielding

Pout(gth) = Fgsed(gth). (20)

For arbitrarily correlated triple-branch and constantly correlated multi-
branch SED receivers, (20) provides an analytical expression for the
exact Pout, whereas for L ≥ 4 and arbitrarily correlated i.d. fading,
(20) provides an analytical approximation.

B. ASEP

The ASEP P s is obtained by averaging the conditional symbol
error probability Ps(g) over the PDF of the SED output SNR, i.e.,
P s =

∫∞
0

Ps(g)fgsed(g) dg, where Ps(g) depends on the employed
modulation scheme [1, Ch. 8]. By substituting (17) in the previous
integral, the ASEP for multibranch SED receivers can be expressed as

P s =

L−1∑
i=0

∞∑
k1,k2,...,kU =0

piξ
κL
L A

[
Σg(i,L−1) , {ku}U

u=1

]
× CL−1(gT )Υ(κL, ξL)

+

L−1∑
i=0

{
pi

(m/g)m

Γ(m)
Φ

(
m,

m

g

)

+

L−1∑
s=1
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k1,k2,...,kU =0

p(i−s)L
ξ

κs+1
s+1

×A
[
Σg(i,s) , {ku}U

u=1

]
Cs(gT )Φ(κs+1, ξs+1)

}

(21)

where Υ(a,b)=
∫ gT

0
Ps(g)H(a,b,g)dg and Φ(a,b)=

∫∞
gT

Ps(g)H(a,b,g)dg.

fgsed(g) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(1−√
ρ)m

Γ(m)
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kj
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√
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kj !Γ(kj+m)
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TABLE I
Nmin REQUIRED IN (20) WITH L = 3 FOR CONVERGENCE OF THE OP Pout FOR gT = −10 dB, g1 = 0 dB, AND erel ≤ 10−6

For example, for binary differential phase-shift keying (BDPSK)
and M -ary noncoherent frequency-shift keying (M -NFSK),2

Ps(g) = λ exp(−μg), with λ and μ being constants. Thus, using
[29, eq. (8.381/1)] and [29, eq. (8.381/3)] yields

Υ(a, b) =λ(μ + b)−aγ [a, (μ + b)gT ] (22a)

Φ(a, b) =λ(μ + b)−aΓ [a, (μ + b)gT ] (22b)

respectively. For other modulation schemes, such as quadrature
phase shift keying (QPSK) and square M -ary quadrature amplitude
modulation (M -QAM), Ps(g) = λerfc(

√
μg), where erfc(·) is

the complementary error function [29, eq. (8.250/4)]. For these
modulation schemes, Υ(a, b) and Φ(a, b) used in (21) can easily be
expressed in closed form for integer values of m using [12, eq. (7)]
and [12, eq. (10)] as

Υ(a, b) =λ
Γ(a)

ba

[
1 −

√
μ

b + μ

m−1∑
k=0

ck

(
b

b + μ

)k
]

− Φ(a, b) (23a)

Φ(a, b) =λ
Γ(a)

ba

{
erfc(

√
μgT )

Γ(a, bgT )

Γ(a)

−
√

μ

π

m−1∑
k=0

bkΓ [k + 1/2, (b + μ)gT ]

(b + μ)k+1/2Γ(k + 1)

}

(23b)

respectively, where c1 = 0 and ck = (2k − 1)ck−1/2k for
k = 1, 2, . . . , m − 1 [31].

By substituting (9) and (10) in (21), an analytical expression for
the exact P s for constantly correlated multibranch SED receivers is
obtained as in (24), shown at the bottom of the page. Similarly, sub-
stituting (11)–(14) in (21) yields an analytical expression for the exact

2It is noted that, for modulation order M > 2, Gray encoding is assumed so
that P s = P b log2(M), where P b is the average bit error probability (ABEP).

P s for arbitrarily correlated triple-branch SED receivers. For L ≥ 4
and arbitrarily correlated i.d. fading, substituting (11)–(14) in (21) and
(15) and (16) with Z = Wg(i,n) when Wg(i,n) is tridiagonal and
with Z = C−1

g(i,n) for arbitrary forms of Wg(i,n) ’s yields an analytical

approximation for the exact fgsed(g). Due to space limitations, the
latter two expressions are not presented here but are available in [28].

In principle, the optimum gT , i.e., g∗
T , that minimizes P s can be

obtained by solving ϑP s/ϑgT |gT =g∗
T

= 0. However, it is extremely
difficult, if not impossible, to derive an analytical expression for g∗

T .
Values for g∗

T can be found by employing root-finding analytical
techniques that are available as built-in functions in well-known
mathematical software packages, such as MATHEMATICA.

IV. PERFORMANCE EVALUATION RESULTS AND DISCUSSION

The analytical expressions of the previous section have been used
to evaluate the performance of the multibranch SED receivers under
consideration. Furthermore, equivalent performance evaluation results
obtained by means of Monte Carlo simulations will also be presented.
For the CM Σg(L−1,L−1) , the following correlations have been consid-
ered: 1) uncorrelated CM (Unc-CM), where Σg(L−1,L−1) = IL, with
IL being the L × L identity matrix; 2) linear CM (Lin-CM), where,
for L = 3 and 4, Σg(2,2) and Σg(3,3) are given by [16, eq. (38)] and
[25, eq. (14)], respectively; 3) triangular CM (Tri-CM), with Σg(2,2)

given by [16, eq. (37)]; and 4) constant CM (Con-CM), where
Σj,k

g(L−1,L−1) =ρ for j 	=k. Moreover, for the performance-evaluation
results, we have considered an exponential power decaying profile
(PDP) g� =g1 exp[−δ(�−1)], with δ being the power decaying factor.
Clearly, wherever i.d. branches are considered, δ=0, and g� =g ∀ �.

Exact numerical evaluation of (20) and (21) requires summation of
an infinite number of terms. However, in practice, a minimum number
of terms are selected, leading to a certain accuracy. Setting equal
summation terms Nu = Nmin ∀u in (20), Table I shows the values of
Nmin required for the Pout with L = 3 to converge with relative error
erel ≤ 10−6, compared with the Pout performance obtained by means

P s =
(1 −√

ρ)m

Γ(m)

L−1∑
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∞∑
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piΓ
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√
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TABLE II
Nmin REQUIRED IN (21) USING (9) AND (10) WITH L = 4 FOR CONVERGENCE OF THE ABEP P b OF BDPSK FOR gT = 10 dB AND erel ≤ 10−6

Fig. 1. OP Pout versus outage threshold gth for triple-branch (L = 3) SED
receivers with g1 = 0 dB, gT = −10 dB, and different values of m.

of computer simulations. We have considered a Con-CM with ρ = 0.1,
a Lin-CM, various values of m and gth, and an exponential PDP
with δ = 0.2, g1 = 0 dB, and gT = −10 dB. It can be observed that
Nmin strongly depends on the outage threshold gth. As gth decreases,
Nmin also decreases, and for fixed gth, Nmin increases with increasing
correlation and/or m. Furthermore, the convergence properties of (21)
with (9) and (10) have been studied, considering again equal sum-
mation limits. Table II summarizes the values of Nmin for the ABEP
P b (see footnote 2) of BDPSK with L = 4 to converge with relative
error erel ≤ 10−6, compared with equivalent computer simulation
performance results. Again, here, we have considered various values
for m and for the average SNR per bit, gb = g/ log2(M), Con-CMs
with ρ = 0.2 and 0.8, and gT = 10 dB. As summarized in Table II,
with increasing gb, Nmin will decrease, whereas, for fixed gb, Nmin

increases with increasing m and/or ρ. Additionally, the convergence
behavior of (21) with (11)–(16) for L = 4 has been found to be similar
to that observed for (21) with (9) and (10). Further experiments have
shown that, to achieve certain accuracy, 1) Nmin will increase for
higher values of L, and 2) Nmin seems independent of gT .

Using (20), the Pout performance has been obtained as a function
of gth. Fig. 1 shows this performance for triple-branch SED receivers
with an exponential PDP having δ = 0.1, g1 = 0 dB, gT = −10 dB,
various correlations, and different values of m. As expected, Pout

degrades with decreasing m and/or increasing gth and/or increasing
any of the correlation coefficients. Complementary computer simu-
lated performance evaluation results have verified the accuracy of the
analysis. The P b versus gb and/or gT has been obtained by numerically

Fig. 2. ABEP P b of QPSK and square M -QAM versus average input SNR
per bit gb for triple-branch (L = 3) SED receivers with gT = 7 dB and
different values of m.

evaluating (21) using (9)–(16) and is shown in Figs. 2–5 for different
modulation formats, correlation models, and various values of m. In
these figures, complementary performance evaluation results obtained
by means of computer simulations are also included again, verifying
the accuracy of the analytical expressions derived for L ≤ 3, as well
as approximations for L ≥ 4. As shown in Fig. 2 for L = 3 and gT =
7 dB, the P b of QPSK and M -QAM improves with increasing gb and
m, and the impact of branch correlation on P b becomes more severe
as m increases. It is also evident that, under severe fading conditions
and for fixed gb, the P b degradation due to correlated fading increases
with decreasing M . Fig. 3 shows the P b of BDPSK versus gT for
L = 3 and gb = 20 dB. It also shows the existence of an optimal gT ,
i.e., g∗

T , that minimizes P b, and its specific value depends on m and/or
the receiver’s CM. In Figs. 4 and 5, the P b performance of BDPSK
for triple-branch SED and SSD, as well as quadruple-branch SED, is
plotted versus gb, considering, for all cases, the optimal value of gT ,
i.e., g∗

T . The trend of these performance evaluation results is similar to
the case of SED with QPSK and M -QAM signals (see Fig. 2). In other
words, for both diversity techniques, the P b of BDPSK improves with
increasing gb and m. Furthermore, as m increases, P b improves when
the value of any of the correlation coefficients decreases. In addition,
it is evident from Fig. 4 that, even under highly correlated and severe
fading conditions, triple-branch SED outperforms uncorrelated SSD
with this performance improvement increasing as gb increases. As
shown in Fig. 5, increasing L improves the P b performance for every
correlation under consideration, although it increases the impact of
correlation on P b, compared with similar performance results shown
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Fig. 3. ABEP P b of BDPSK versus switching threshold gT for triple-branch
(L = 3) SED receivers with gb = 20 dB and different values of m.

Fig. 4. ABEP P b of BDPSK versus average input SNR per bit gb for triple-
branch (L = 3) SSD and SED receivers with g∗T and different values of m.

in Fig. 4. It is finally noted that similar conclusions for the P b as those
obtained from Figs. 2–5 for specific modulation formats have been
found for other modulations, such as M -ary PSK (M -PSK), M -ary
differential PSK (M -DPSK), and M -NFSK.

V. CONCLUSION

Digital signal reception with multibranch SED over arbitrarily cor-
related and not necessarily i.d. Nakagami-m fading channels has been
studied. For the constant correlation model, analytical expressions
for the exact distribution of the multibranch SED output SNR have
been obtained. For the most general case of arbitrary correlation and
for half-integer or integer values of m, analytical expressions and

Fig. 5. ABEP P b of BDPSK versus average input SNR per bit gb for
quadruple-branch (L = 4) SED receivers with g∗T and different values of m.

accurate approximations for the exact distribution of output SNR have
been derived for up to three and more than three branches of SED,
respectively. All derived exact expressions and approximations have
further been used to study the OP and ASEP of multibranch SED
receivers. Numerically evaluated performance results compared with
equivalent computer simulation results have verified the presented
analysis.
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A Hybrid Architecture for Delay Analysis of Interleaved
FEC on Mobile Platforms

Kyungtae Kang, Member, IEEE, Cheolgi Kim, Member, IEEE,
and Kyung-Joon Park, Member, IEEE

Abstract—Forward error correction (FEC) is the preferred way of cop-
ing with the error-prone nature of wireless links in broadcasting systems,
because it can provide a bounded delay, which is a particular consideration
for real-time multimedia applications. Additionally, controlling the vari-
ability of the delay, or jitter, is important in achieving seamless multimedia
services. We show that error control using Reed–Solomon (RS) FEC in
the medium-access control (MAC) layer can be a major source of jitter.
We predict the expected delay incurred by RS decoding for varying levels
of block interleaving in a mobile, under a range of channel conditions,
using a hybrid simulation and analytic approach, which is based on the
error statistics of data transmission over fading channels. The results allow
us to determine the size of the buffer required to avoid frequent service
interruptions.

Index Terms—Delay estimation, hybrid architecture, interleaved
forward error correction (FEC), mobile systems.

I. INTRODUCTION

Broadcast and multicast services in CDMA2000 wireless networks
[1], [2] can simultaneously provide uniform high-quality multimedia
to a large number of subscribers. For this purpose, an outer forward
error-correction (FEC) code in the medium-access control (MAC)
layer is used in combination with the physical-layer inner turbo code
[3]. This combination enhances the transmission efficiency, irrespec-
tive of any explicit power control. The CDMA2000 air specification [4]
states that Reed–Solomon (RS) codes with the coding rates of 12/16,
13/16, and 14/16 should be considered as the options for the outer
code, owing to their superior performance at low error rates [5]–[7].

An RS code is specified by a tuple (N, K), where K and (N − K)
are the number of information bytes and parity bytes, respectively, in
each codeword. The RS algebraic erasure decoding procedure is then
able to correct up to (N − K) damaged bytes, which are located by a
cyclic redundancy check in the physical layer, in each RS codeword.
The physical-layer protocol erases these damaged bytes and informs
the RS erasure decoder of their locations.

Before applying RS encoding, the access network transfers the data,
which consists of broadcast security packets [4], into a buffer called
an error control block (ECB) for each logical channel. The data are
entered into the ECB row by row, RS coding is applied to the columns
of the ECB, and the access network transmits the data from the ECB
on the broadcast channel, again by row. Each row of an ECB constructs
M broadcast MAC packets, and each of these packets contains 125 B
of the ECB as its payload, together with a 2-bit MAC trailer. The
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