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On the Statistics of the Error Propagation Effect
of Binary Differential Phase-Shift Keying
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Abstract—We study a traditional problem related to binary
differentially coherent phase-shift keying (DPSK) modulation,
where an error in a symbol tends to cause an error in the next
symbol; this phenomenon is referred to as error propagation. We
derive the double bit-error rate (DBER) of two successive DPSK
symbols over additive white Gaussian noise and Rician fading.
Our findings show that the DBER decreases as the signal-to-noise
ratio increases. A tight closed-form upper bound for the average
DBER over a slowly varying Rician channel is also presented to
simplify the numerical evaluation.

Index Terms—Bit-error rate (BER), complex Gaussian, differ-
ential phase-shift keying (DPSK), double bit error rate, error
propagation, Rician fading.

I. INTRODUCTION

IFFERENTIALLY coherent phase-shift keying (DPSK)

is one of the oldest and well-studied modulation tech-
niques. Its benefit is that it eliminates the requirement for
signal phase recovery at the expense of slightly decreased
bit-error rate (BER) performance as compared to the non-
differential version. DPSK is based on the information that
can be extracted at the receiver by processing the phase dif-
ference of two successive symbols, after performing a bit level
transmitter differential encoding.

The analytical derivation of DPSK BER performance over
additive white Gaussian noise (AWGN) and/or fading is doc-
umented in many excellent books, e.g., [1]-[3]. Moreover, the
performance of DPSK has been well-investigated in numerous
papers under different systems, conditions, and fading chan-
nels. A problematic issue in DPSK is the error propagation
effect [1, Sec. 4.5-5]. Since, for the detection of a DPSK sym-
bol, the demodulator uses its previous one, an error in the
previous symbol tends also to cause an error in the next sym-
bol with high probability. Hence, there is a strong correlation
between the probability of error of two successive symbols
over AWGN, resulting in errors tending to appear in pairs.

In [4], an expression for the double symbol error rates of
M-ary DPSK systems over the Rayleigh channel is presented.
However, the derived expression is limited to Rayleigh fading
and is in the form of a quadruple integral with complicated
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integrands. In an effort to further quantify the correlation of
the DPSK errors between two successive binary symbols, we
derive the corresponding BER over AWGN and Rician fading.
Using the detector decision statistics and by decorrelating a set
of complex Gaussian random variables (rv)s, we analytically
derive the probabilities of the erroneous-erroneous (double
BER (DBER) in short), erroneous-correct, and erroneous-
correct pairs of successive bit errors. The analysis can be
useful in various DPSK performance evaluation problems,
such as relayed communications [5, Sec. 9] as well as in
designs of error control coding systems [4].

II. CHANNEL MODEL AND DPSK DETECTION

The transmitter generates the kth binary DPSK symbol (of
energy per bit £, = f(s,%), with E(-) denoting expectation) as

)

where g € {£1} is the kth information-bearing symbol. The
transmitted symbol is affected by flat Rician fading, with the
complex channel gain h distributed as & ~ CN(up,, ohz), with
un = E(h) = |unl exp(y ) and o} = E(lh — pyl?). The
joint probability density function (pdf) of the envelope |A| and
phase Zh of h is given by [6, eq. (6.2)]

—-K
i, = 2R (g k0 r exp[ (1480 ]

X exp[Z K(1+K)rcos(¢p — T)] . (@
where K is the Rician factor, uy, VK/(K+1) exp() 7),
o, = 1/(1 +K), and E(|h]*) = 1.

The received signal is filtered and sampled and the complex
baseband signal corresponding to the kth symbol is given by

re = v Ep hy sp + ng, 3)

where /iy is the kth complex channel gain sample and n; ~
CN(0, Ng) is the AWGN, with Ny being the single-sided
noise power spectral density. From (1) and (3), we have
Tk Tk—1qk + nx — qr nk—1, based on which the optimum
detector is simply a minimum distance detector between ry
and gj rx—1, that can be further simplified to a sign detector,
where ¢y = +1 and -1 for Br > 0 and Br < 0, respec-
tively, with B, = N{ry r{_,}, where Ji(-) denotes the real part
operator and (-)* the complex conjugate.

Sk = 4k Sk—1

III. DERIVATION OF JOINT PROBABILITIES

The error propagation effect of DPSK requires the knowl-
edge of two successive decision statistics, i.e., of rvs f; and
Bk—1. It can be easily shown that ‘E(Br) = E(Br—1) = 0,
E(BD) = E(BLy) = (K> + 1+ (1 + K) pra—11E; /NG +
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2Ep/No+1}N5/2, and E (B Bi—1) = 0, with pj 4— being the
time correlation between the kth and (k — 1)th envelopes.

A. Double Bit-Error Rate

Based on the sign detector and assuming that gy = gx—1 =
qk—2 = 1, the joint error probability P, of the (k — 1)th and
kth symbols (or DBER) can be expressed as

Pee =Pr{f <0, Bk—1 <0l gr = -1 = qr—2=1}.  (4)

Using the squared-norm identity of the sum of two complex
numbers, the DBER can be rewritten as

2 2 2
Pee = Pr{|”k+”k71| < |k —re—1l%, lrk—1 + 2™ <
2 2 2 .2 2
it = 2P} = Pr{ I P < sl bl < bl
&)
where

T
X = [x1, X2, X3, X4]

Tk + re—1 \/Ej(hk-}-hk_l)—i—nk-i-nk_l
_ | k=1 + re—2 _ \/E;(hk—l + hp—2)+nk—1 + ng—z
Mk = T VEb (e — i) +ng —mg—y |
Tk=1 = Tk=2 VEb (i1 — hi—2) i1 — ng—2

(6)

with ()7 denoting the transpose operator.

Conditioned on hg, hg—1, and hi_», x1, xp, x3, and x4
are jointly complex Gaussian rvs. Specifically, x; and x3 are
a set of independent complex Gaussian rvs, distributed as
CN.(VEp (hi + hi—1), 2 No) and CN(VEp (hk — hi—1), 2 No),
respectively, while x, and x4 are another set of indepen-
dent complex Gaussian rvs, distributed as CA(VEp (hx—1 +
hi—2),2Np) and CN.(JEp (hg—1 — hx_2), 2 Np), respectively.
Hence, the random vector x ~ (AN (uy,Kx) has a
mean vector

Mx
T
= VEp[hk + hk—1, hi—1 + hi—2, hi — hg—1, hj—y — he—]
(72)
and covariance matrix
2 1 0 1
K, = No 1 2 -1 0 (7b)

o -1 2 -1
I 0 -1 2
Since the determinant of Ky is zero, the elements of x are
linearly dependent, and x4 can be written as x4 = x| — xp —
x3. In order to construct an appropriate basis, we denote the
v Xo as

Xo =X + X4 = X1 — X3, (®)

with X1 = x1 — VEp (hi+hi—1), X2 = x2 — VEp (hi—1 +hi—2),
%3 = x3 — Ep (g — hy—1), and x4 = x4 — /Ep (he—1 — hi—2)
being the zero-mean versions of x1, x2, x3, and x4, respectively,
and thus,

VEp (he + hi—1) Xo + X3
x= | VEr(oi+hio) | | Xo—Xa | ©)
VEp (he — hy—1) X3

VEp (hg—1 — he—2) X4

The random vector X = [X, %3, x4]” of the basis elements
is distributed as CA(03, K;), where the mean is given by
03 = [0, 0, 0], and the covariance matrix by

4 =2 2
K,;=N0|:—2 2 —1:|.

2 -1 2
We now perform a standard decomposition to transform cor-
related complex Gaussian rvs to independent and identically
distributed (iid) complex Gaussians [7]. We split Kz = AT A
as a product of a lower triangular matrix and its transpose,

resulting in

(10)

2 0 0 2 -1 1
Ki=+vN| -1 1 0|+vN|0O 1 o0of. @1
10 1 0 0 1
AT A

The random vector X can then be expressed as

x=ATy, 12)

where y = [y1, y2, y3]T is a zero-mean complex Gaussian
random vector having iid CA(0, 1) elements, ie., y ~
CN (03, I3), with I3 being the 3 x 3 identity matrix.
Substituting (9) in (5), the DBER is
2
Po = Pr{\\/Eb (g + hy1) + o + 3|

2 2
< ‘\/Eb (h — hi—1) + X3, ‘\/Eb(hkfl — hi—2) + 34
2
> |VEs (et + hi2) + 0 — 54| } (13)

where, by applying (12) and after some algebra, we obtain

Ep * *
P, =Pr{in _hkhk—l +yi 2
No

E E
2 eyt + ey V<00 22 ey
No No

Ep
+ 713 +,/]70(>’1 hg_p =3 hZ—l)} = 0}-

Conditioned on yi, the joint probability of the two events can
be expressed as a product of two probabilities in the form

Ep * N Ep *
Peely, = Pridy(y1 + No =1 |ysp < =0 ]vohkhkfl

Ep ’ Ep

— yFr PP — h_ %
+‘/N0 kylH f{ {(Y1+‘/N0 k 1))’3}

Ep Ep
>N — W1 by — hp_oayitt. 15
= {No k—1 k_2+\/N0 k 2)’1” (15)

Using the statistics of y» and y3, we can express (15) as
Sk Ck—1
Pee|y1 = Q<_> Q<_)v
Nk—1 Nk—1

where & = R{h hy_| Ep/No + h y§ VEb/No}, mi—1 = |y1 +
hy—1 «/E;,/N0|/«/§, and Q(-) denotes the Gaussian Q-function.

(14)

(16)
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Since y; is a CAL(0, 1) complex Gaussian rv, we can write it
as y; = vy + j vo with vy and v, being two iid A (0, 1/2) real
Gaussian rvs. Averaging Pe|y, in (16) over the statistics of v;
and v, the DBER is given by

1
;//exp (v1+v2)]
ﬂn[gfrhkhz L R 0= )

7’V1+JV2+ ﬁohk—l‘
N Ebhk 1 i 2+,/%hk—2(v1—JV2)}
%’m—l—]vz-i-,/%hk—l’

By applying the pair of transformations p cos(d) = vi +
N{hr—1}VEp/No and p sin(0) = vo + I{hg—1} ~/Ep/No, with

;“s{~} denoting the imaginary part operator, (17) can be written

g
=z
=— [ exp
11

—TT

dvidv,.

x Q

a7

—% R{hx_1) sin(0) — J{hk_l}cos(é)]z}

P——

l\.)

Ep

(/5
(

x Q [M{ i} cos(@) + I{h}sin(O)] )

[\.)
S’

x Q

No [R{Ar—2} cos(®) + I{— 2}Sln(9)]>

Eb v 0
[/J— IVO[L {hx—1} cos(0)

2
+ Tﬁ{hkl}sin(@)]] }dpd@, (18)

oo
X /pexp{—
0

The integral with respect to p in (18) can be obtained in closed
form with the help of [8, eq. (3.462/5)]. Moreover, the real
and imaginary parts of the complex channel gain /; can be
written as N{hx} = |hg| cos(¢r) and I{hx} = |hg| sin(¢py)
(similar expressions also for hx_i and hi_j3), where ¢ =
atan(J{hi}/N{hr}) is the channel phase of the kth sample.
Using these results, the DBER in (18) is expressed as

b4 2E,
Po== / Q(,/ Iy ] cos( — ¢k)>

0

2E), I 0
0 N_0| k—2| cos(0 — ¢r_2)

—

X
Ep 2E),
1P =2 ) + V27 2 iy
X|:6XP( |1l N0>+ 7 N0|k1|
2 Ep . o
X cos( — pr—1) exp| —lhi—1l No sin“ (6 — ¢—1)

19)

2E,
X Q(—,/ No |hk—1] cos(8 — ¢k—1)>i| do
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B. Pairs of Erroneous-Correct Joint Probabilities

Proceeding along the same lines as the derivation of (19), we
can also obtain the joint probability of successive correct and
erroneous symbols as well as the joint probability of two suc-
cessive correct symbols. The probability of a correct decision
is accompanied by an inverted inequality in (4), and hence,
in (15). Therefore, a general form of (16) is

Ck Ck—1
P, = +—— +— ),
aab Q( Mie— 1)Q< 77k—1>

where each ¢ can be substituted by e and c¢ for erroneous
and correct when + and - signs appear in the arguments of
the Gaussian Q-functions, respectively. Following this formu-
lation in (17)-(18), a general expression for all four pairs of
erroneous and correct successive symbols is

1 o
Pyqg = - / ( ,/ 2 || cos(6 — ¢k))
0
2E)
Q(i,/ No |hg—2] cos(6 — ¢k2)>

[exp< P 2) Vo

cos( — dr_1) exp(—|hk1 2 17b sin?(6 — ¢k1>>
0

2E)
x Q(—,/ |hi—1] cos(6 — ¢r— 1)>i|d9- 21

It should be mentioned that (21) is quite generic and can be
used when the channel coherence time is of the order of the
symbols duration, i.e., the channel changes from symbol to
symbol (fast varying). Hence, (21) must be averaged over the
trivariate channel pdf [6, Sec. 6] to derive its average value.
It is obvious that the average joint probability of successive
correct-erroneous symbols equals to the joint probability of
successive erroneous-correct symbols (P, = P,), due to the
symmetry of the correlation between kth and (k—2)th samples.
Moreover, using (21), it can be concluded that P+ Pee+Pee+
P.. =1, that is in agreement to the total probability law.

In a slowly varying channel, the symbol duration is much
shorter as compared to the channel coherence time, i.e., |i;| =
lhk—1] = |hk—2| = r and ¢ = $p—1 = k-2 = ¢. After
changing variables as z = /2 E,/Ng r cos(6 — ¢), (21) can be
written as

(20)

X

|hk 1

X

X

2y cos(p)
P~ exp(—y) / 0(*z) O(£2)
“ g V2 vy cos(¢) — 22

~VZ¥ cos(@)

[ + V2 ZeXP( )Q( z)] dz, (22)

with y = > E,/Ny being the instantaneous signal-to-noise
ratio (SNR) per bit. Note that for AWGN, (22) can be used
with y = Ep/Ng (r = 1) and ¢ = 0, while for Rician
fading, (22) must be averaged over the joint pdf in (2),
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Fig. 1. Joint BER of two successive bits as a function of the SNR per bit for
erroneous-erroneous, erroneous-correct, and correct-correct pairs for AWGN.

C. Average Double Bit-Error Rate Bound

By considering a much shorter symbol duration as compared
to the channel coherence time and in order to get some insights
on the DBER, the inequalities 0.5 > Qla cos(x)] > Q(a) have
been used, with ¢ > 0 and |[x|] < w/2. By averaging (19)
over (2) and after a lot of mathematical steps and approxima-
tions, a simple closed-form upper bound of the average DBER
is obtained as

1 14K < 7K )
Pee < — ———— exp| ———— |,
47+ 14K V+1+K

with y = E(y) = Ep/Ny being the average SNR per bit. Note
that for high values of ¥ and fixed K, (23) can be further
simplified as P, < (1 + K) exp(—K)/(47).

(23)

IV. NUMERICAL RESULTS

In Fig. 1, three curves for the joint probability of erroneous-
erroneous, erroneous-correct, and correct-correct pairs of suc-
cessive bits, computed using (22), are plotted as a func-
tion of the SNR per bit (E,/Ny) under AWGN. From this
figure it is clearly seen that the joint probabilities P,
and P, of erroneous-erroneous and erroneous-correct suc-
cessive bits, respectively, decrease as the SNR increases,
while the correct-correct joint BER P.. increases because
Poe +2Poc + Pee = 1. In the same figure, two additional
curves for the BER (Pggy = 0.5 exp(—Ep/Ny)) and the
squared BER (Pfipsk) of DPSK over AWGN are also included
for the purpose of comparison. It can be observed that, since
for high SNR, we have Py (1—Pgpsk) = Pgpsk, the joint prob-
ability of the erroneous-correct pair is tightly approximated by
the BER of DPSK, i.e., Pee > Pee 22 Pgpsi. Moreover, from
the comparison of the squared BER with the DBER, a 2.5 dB
SNR difference is observed due to the propagation effect. It
has to be noted here that since for AWGN and [¢ — k| # 1,
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Fig. 2. Average DBER as a function of the average SNR per bit for slowly
varying Rician fading.

Pr{fr = 0,8¢ = 0} = Pr{fr < 0} Pr{f¢ =< O}, the error
propagation effect is limited only to successive bit errors.

A slowly varying Rician fading channel is considered in
Fig. 2, where solid curves for the average DBER, computed
by averaging (22) over the channel statistics in (2), are plotted
as a function of the average SNR per bit for a Rician factor
K = —o0o, 3, 10, and 20 dB. As expected, the higher the
value of K, the better the DBER performance obtained. In
the same figure, dashed curves for the upper DBER bound
are also plotted in order to verify the tightness of (23). It
can be easily concluded that the curves for the upper bound
are noticeably close to the corresponding ones for the exact
average DBER for any value of the average SNR and the
Rician factor.

As a final note it should be mentioned that all presented
results in Figs. 1 and 2 have been verified by extensive
computer simulations.
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