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Abstract—In this paper we study the statistics of the sum of
not necessarily identically distributed kappa, that is, /C, random
variables (RV)s. Assuming half-integer values for the shaping
parameters, novel closed-form expressions for the probability
density function (PDF) of the sum of independent X' RVs are
obtained, while for arbitrary values of the shaping parameters,
a corresponding PDF expression is derived in terms of fast
converging infinite series. Furthermore, an infinite series rep-
resentation for the PDF of the sum of two arbitrarily correlated
K RVs is derived. The proposed analysis is employed to the
performance analysis of equal-gain combining (EGC) receivers
operating over composite fading/shadowing channels modeled by
the K distribution. More specifically, the outage and the average
bit error probabilities, as well as the average channel capacity
of EGC receivers operating over such composite environment
are studied. Considering different channel fading/shadowing con-
ditions and correlation effects, various numerical performance
evaluation results are presented. These results are complemented
by equivalent computer simulated ones that validate the accuracy
of the proposed analysis.

Index Terms—Average bit error probability (ABEP), channel
capacity, correlated statistics, equal gain combining (EGC),
kappa fading/shadowing channels, outage probability, sum dis-
tributions.

I. INTRODUCTION

IRELESS communication systems are subject to se-
erre channel impairments, including short-term fading
(multipath), as well as, long-term fading (shadowing), that
can seriously degrade the overall system performance [1].
One of the simplest and yet most efficient techniques that
are usually used to countermeasure signal distortions due
to multipath fading/shadowing is diversity. There are several
diversity reception techniques used in digital communication
systems, including maximal-ratio combining, equal-gain com-
bining (EGC), and selection diversity [1]. Among them, EGC
provides an intermediate solution between performance and
implementation complexity. Additionally, when employing
diversity techniques without sufficiently separated antennas
due to space limitations, e.g., small size mobile terminals,
performance degradation occurs due to fading correlation.
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Critical issues for studying the performance of diversity
systems are i) the statistical behavior of the multipath fading
and/or shadowing that depends on the radio propagation envi-
ronment and i) the existence or not of fading correlation. An
important statistical characteristic that can describe both i) and
ii) is the probability density function (PDF) of the diversity
receivers output signal-to-noise ratio (SNR). However, in
many cases the derivation of that PDF, in terms of tabulated
functions, is a very difficult mathematical task, especially in
cases where EGC receiver is considered. In the open technical
literature, several approaches have been proposed for studying
EGC receivers over various fading channel models, e.g., [2]-
[7]. For instance, in [2], by deriving an exact expression for
the PDF of the sum of two correlated Nakagami-m random
variables (RV)s, the symbol error rate of several modulation
schemes under EGC reception was obtained. In [3], a tight up-
per bound was derived for the PDF of the sum of generalized-
gamma RVs, that was used for studying the performance of
EGC receivers. Finally in [7], an accurate approximation for
the distribution of the sum of equally correlated Nakagami-m
variates was presented and used to study the performance of
EGC receivers operating over Nagakami fading channels.

As a general comment it is noted that all the previously
published papers deal only with short-term fading, despite
the fact that in real radio propagation environments, i.e.,
terrestrial and satellite land-mobile link, shadowing effects
play a critical role. In several works, e.g., [1], [8], the compos-
ite fading/shadowing environment is statistically modeled by
lognormal-based distributions such as Rayleigh-, Nakagami-
and Rice-lognormal. In order to facilitate the performance
evaluation of such environments, new families of composite
fading distributions have been proposed, most notably the
kappa, that is &, (and generalized-C (K¢)) distributions
[9]-[11]. The main advantage of these two distributions is
their relatively simple mathematical form, as compared to
lognormal-based ones, that allows an integrated performance
analysis of digital communication systems operating over fad-
ing/shadowing channels. However, as far as the distributions
of the sum of K (and Kg) RVs are concerned, very few
publications exist in the open technical literature, e.g., [12]-
[14]. For instance, in [12], the fading PDF of EGC diversity
receiver operating over free-space optical communication sys-
tems modeled by the gamma-gamma distribution, i.e., squared
K¢g, was derived in terms of infinite series. All in all, to the
best of the authors knowledge, the PDF of the sum of K and/or
K¢ distributed envelopes is not available in the open research
literature. In the current work, assuming integer plus one-half
values for the fading parameters, closed-form expressions for
the PDF of the sum of independent X RVs are obtained,
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while for the correlated case, fast converging infinite series
are assessed. Further considering identical parameters, simpler
expressions are provided and employed to the performance
analysis of EGC diversity receivers operating over such fad-
ing/shadowing environment.

The remainder of this paper is as follows. In Section II,
expressions for the PDEF, cumulative distribution function
(CDF), and characteristic function (CF) of the sum of inde-
pendent and correlated XL RVs are obtained. In Section III,
these results are applied to the performance analysis of EGC
diversity receivers operating over independent and correlated
IC fading channels, in terms of the outage probability, average
bit error probability (ABEP), and average channel capacity.
In Section IV, analytical performance evaluation results are
presented, while the concluding remarks can be found in
Section V.

II. STATISTICAL ANALYSIS OF THE SUM OF K RVs

Let X, (¢ =1,2,...,L) represent K-distributed RVs with
PDF given by [9, eq. (2)]

)(szrl)/Q

4gke 1 x
e = e (o Ko (2g) O

where ky > 0 is shaping parameter of the distribution, €2y is
the average fading power given as Qy = E(X?)/kq, with E(-)
denoting expectation, K, (-) is the modified Bessel function
of the second kind and order « [15, eq. (8.407/1)] and T" () is
the Gamma function [15, eq. (8.310/1)]. By using different
values for kg, (1) describes various shadowing conditions,
from severe shadowing, e.g., k — 0, to no shadowing, e.g.,
k¢ — oo. The CF of X, is given by [16, eq. (8)]

ke —2k
ﬁ4 F(?k() (2—j ng) 2
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where j = v/—1 and o Fy (-, -;;-) is the Gauss hypergeometric
function [15, eq. (9.100)].

Next, important statistical characteristics for the distribution
of sum of K RVs are studied for independent as well as
correlated statistics.

Dx, (w) =
T
(2)

A. Independent RVs

By considering independent statistics and letting k, be equal
to a half-integer, the PDF of the sum of L K RVs is extracted
in closed form. Furthermore, for arbitrary values of k, > 3/2
and identically distributed (id) RVs, a fast converging infinite
series expression for the corresponding PDF is provided.

1) Case of half-integers ky’s:

Theorem 1: Let Z denote a RV defined as

L
Z2Y "X, 3)
/=1
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where X, follows (1), with k; = ap+ 1/2, ap € N. The PDF
of Z is given by
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A =A1_g, 1 = Ap,y,
Ao = Az_p,, $2 = (2 — h2) Az + (ha — 1) Ay,

AL =041 — 01,0 = (2—hr)App1 + (he — 1) Ap—_1.

Furthermore, in (4), A, = ag — 1z, Ay = 2 (1/930)1/2 and
Ny_y = 2 {(1/(293)1/2 - (1/Qy)1/2}, (-), is the Pochham-
mer’s symbol [15, p. xliii], with p € N.
Proof: See the Appendix. [ ]
A worth noting observation that can be made from (4)
is that the sum of L I RVs is given as a finite sum of
gamma distributed RVs. Assuming identical parameters, i.e.,
ke =k, a0 = a,Qp = Q, (4) simplifies to

VQ
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with =, = La — Y7, i¢ + L and B(,-) being the Beta
function [15, eq. (8.380)]. It is noted that an alternative
representation to (5) is given in [17]. For the special case
where k = 1/2, (5) further simplifies to [18, eq. (13)], i.e.,
the Erlang distribution.
Lemma 1: For id X,’s, the CDF of Z can be obtained as

Fy(z) =G (L, k,Q,a) (\/5/2)EL y <EL,2%) %)
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TABLE I
MINIMUM NUMBER OF TERMS FOR CONVERGENCE OF (11) WITH AN
ACCURACY BETTER THAN £ 1074,

Q=0dB Q=20 dB
Tz k=15 k=45 k=15 k=45
1 1 5 1 6
3 2 6 1 6
5 6 6 1 6
7 19 6 1 6

where 7 (-, ) is the lower incomplete gamma function [15, eq.
(8.350/1)].
Proof: By using (5) in the definition of the CDF, i.e.,
[19, eq. (4.17)], and with the aid of [15, eq. (3.351/1)], (7) is
extracted. ]
Lemma 2: For id X,’s, the CF of Z can be obtained as

1/2 —EL
) _ jw] L ®)

Proof: By using (5) in the definition of the CF, i.e., [19,
eq. (5.60)], and with the aid of [15, eq. (3.351/3)], (8) is
extracted. [ |

2) Case of k¢ > 3/2: Now we consider id X,’s and
arbitrary values of k; = k > 3/2. Substituting (2) in [19, eq.
(8.52)] and using first [20, eq. (07.23.17.0054.01)] and [15,
eq. (9.100)], then the multinomial identity [15, eq. (0.314)]
and the binomial theorem [15, eq. (1.111)], ®z(w) can be
expressed as

X i Zh: <i;) n(—2)"

h=0 =0

1

By(w) =G (L,kQa)T (2L lg (Q

@Z(w) ﬁF(Q k) ):|L22L(k1)

T(k)T(k +3/2

where

h
1
8o =By On = h—/BOZ(pL—h+P)Bp5h7p7
p=1

(=k+3/2), (2),
n(k+3/2),

(10)

Br =

By applying the inverse Fourier transform in (9), an alternative
expression for fz(x) can be easily derived as

o [VETEE/TE)]Y ooy Sy (b
fz( )—{ I'(k+3/2) } 2 };i:o (Z) (1D
on(=1)'2¢ i- 7
T(2L 4 i)QL+i/2 e <_2 ﬁ> .

The rate of convergence of the infinite series of the above
expression is investigated in Table I, where we summarize
the minimum number of terms, h.;,, needed to achieve an
accuracy better than £10~* for L = 2 and several values of
Q,k, and x. It is clear that only a few terms are needed in
order to achieve the target accuracy, while the required terms
increase by increasing x, k and/or decreasing 2. Similar rates
of convergence have been observed for different values of L.
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B. Correlated RVs

The PDF of two correlated and not id C-distributed RVs
X and X5 is given by [21, eq. (4)]

o 16(ky = k1)g(1 — pg)tt
Fawalon ) = o Wl (k)T (ke + b+ q)
N R 2, \] D
X p p K, o < !
@ 11;[1 (0192)7/? ' Vo182

where 79 = ke +h+t+ ({ —1)g, 0 < pr < 1 is the
correlation coefficient between the envelopes, 0 < pg < 1
is the correlation coefficient between their powers, o, =
(1 — pR) (1 — p(;):c and kg > ]{71.

Theorem 2: Let Z denote a RV defined as

ZE2 X1+ X (13)

where the joint PDF of X; and X5 is given by (12), with
ke = ap +1/2, ay € N. The PDF of Z is given by

o) |y +h—t—1| |ag+h—t+g—1| pt h+q
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2
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(rones N
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where | - | denotes absolute value, 619 = 61 + 62, 1F1 (+;+;+)
is the confluent hypergeometric function [15, eq. (9.210/1)].
Proof: Using [20, eq. (03.04.03.0004.01)] in (12) and
then applying [19, eq. (6.40)], an integral as in (A-2) appears.
This integral can be solved in closed form with the aid
of [15, eq. (3.383/1)], and hence, after some mathematical
manipulations, (14) can be extracted. [ |
Assuming identical parameters, (14) simplifies to the fol-
lowing expression

fa(e) = T
n,h=0 1i1,i2=0 Qk (1 B pR)
) ﬁ (|7 =20 — 1| +ig — 1/2)! (15)
i (Ir=2h =1 =g — 1/2)!
™ x2‘r—i1,2 exp (_ 2z )
NG

where
o PROETB(T =i 4 U2~ /)

L (k)T (k+n) hi2n!22612-1)
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Lemma 3: For id X;’s, the CDF of Z can be obtained as
o |atn—h—1|

_ k
Z Z H( QpQIjlgiilapG)

n,h=0 i1,i2=0

(It = 2h — 1] +ig — 1/2)! 1

(16)

% [H L7 —2h— 1] — i — 1/2)]

l=1

S
0 T 1,25 \/E .
Proof: By using (15) in the definition of the CDF, i.e.,
[19, eq. (4.17)], and with the aid of [15, eq. (3.351/1)], (16)
is extracted. [ |
Lemma 4: For id X,’s, the CF of Z can be obtained as

oo |at+n—h—1] (i1,2—=1)/2—n—h
9a

> > =

— QF (1 - pr)

2 .
) (|7 — 2k — 1| +i¢ — 1/2)! o
Lo —an—1—i, 12
(27’—2172)!
X 5 N
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Proof: By using (15) in the definition of the CF, i.e., [19,
eq. (5.60)], and with the aid of [15, eq. (3.351/3)], (17) can
be obtained. [ |

III. APPLICATION TO EGC RECEIVERS

Let us consider an EGC receiver operating over K-
distributed fading/shadowing channels. The equivalent base-
band received signal at the (th antenna is expressed as
z¢ = shy + ng, where s is the transmitted complex symbol
with energy E; = E(|s|?), ng is the complex additive white
Gaussian noise (AWGN) with single sided power spectral
density Ny assumed identical to all branches, and h, is
the channel complex gain, i.e., Xy, = |hy|. Furthermore, by
considering ideal phase estimation, only the distributed fading
envelope affects the received signal. The instantaneous SNR
per symbol at the ¢th input branch, 7, and the corresponding
average SNR, 7,, can be expressed as

FEy
X2 1
ve=Xiy (18a)
E E,
W:E<Xe>—0 = k— (18b)

respectively. In the following subsections, important statistical
metrics of the EGC diversity receiver output SNR will be
presented and then applied to its performance analysis.

A. EGC Statistical Properties

The total SNR at the output of an EGC receiver is given
by [1, eq. (9.51)]

I 2
E; X
= <‘§ £> e (19)
Tes = TTIN, LNy
Applying (18) and (19) to the expressions provided in Sec-
tion II, important statistical properties of the EGC output SNR

can be easily obtained as follows.
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1) Independent K Fading: Applying (19) in (5), the PDF
of the EGC output SNR can be obtained as

il a> é (L’y)EL/2_1 exp (—21 / kl]%)

f’chc(rY) = g (La k7 %7
(20)

while the corresponding CDF can be derived from (20) as

Vo) )

21

F’chc (’Y) = g <L7ka %a

2) Correlated K Fading: Applying (19) in (15), the PDF
of the EGC output SNR can be obtained as

0 |at+n—h—1]|

=2 2

n,h=0 141,i2=0
k 2 - o . '
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i 2k
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while the corresponding CDF can be derived from (22) as
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B. Performance Analysis of EGC

] (23)

In this subsection the performance of EGC receivers operat-
ing over composite K distributed fading channels is presented
in terms of ABEP (Py.), outage probability and the average
channel capacity (C).

1) Average Symbol Error Probability (ASEP): The ASEP,
P,., can be evaluated directly by averaging the conditional
symbol error probability, P.(7), over the PDF of Yeges 1.€.,

P = fo e(7) frege (7)d7y. This yields: For binary phase
shift keying (BPSK) square M-quadrature amplitude modu-
lation (QAM) and for high values of the average input SNR,
P.(v) = Aerfc(y/B), where erfc(-) is the complementary er-
ror function [15, eq. (8.250/4)] and A, B constants depending
on the specific modulation scheme, i.e., for BPSK A = 1/2
and B = 1 [22]. By making a change of variables and using
[20, eq. (06.27.21.0133.01)], the ASEP for EGC assuming
independent K fading channels can be expressed in closed
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(24)

where ,Fy, (+) is the generalized hypergeometric function [15,
eq. (9.14/1)]. For correlated K fading channels, the ASEP for
EGC can be expressed as

0 |at+n—h—1]|

= 2

H (2/8)7—(i1,2—1)/2

nth—(i12—1)/2 k—1
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y ﬁ (I = 2h = 1] +ir — 1/2)
EZIZZ'(\T—Qh—H—Zg—l/Z)!
EN® A (T(r+1—i12/2)
x|=] —= -
¥) T 21— 112 +1
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F R S, W27 9. 28/0
Xp q(7+ 5T 5 T 5 o
ilg ilg 3 3 112 Qk/B
_F 1oLz 2 9 _ .2,
pq(7+ p T T Ty T T i
2k T'[r — (12— 3) /2]
X2 | =—— 2
B(T,Y 21 —t12+ 2

(25)

High SNR approximation: Considering high values for the
average input SNR, i.e., ¥ > 25 dB, and by using (24) and
[20, eq. (07.31.06.0003.01)], the ASEP can be approximated
as

It is interesting to note that for ¥ — oo, the second term inside
the curly brackets can be neglected. Furthermore, using (6),
G(L,k,5/k,a) can be written as a polynomial with respect

to 7 with its dominant term (the one with the maximum

exponent) being raised to —L. Hence, Pj, is proportional to

~~ L, yielding that the diversity order is equal to the number

of EGC branches.
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Also, for high SNR, (25) can be approximated as

&)

oo a+n—h—1 _
| L H ()

PSC = (Uv/k)n+h7(il'271)/2

n,h=0
>< |>

i1,12=0

e
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1 27)
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\/E B 21— 112 +1
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Boy 27 —id12+2 ’

2) Outage Probability: By using (21) and (23), for indepen-
dent and correlated fading conditions respectively, the outage
probability of the EGC receiver, defined as the probability that
the received SNR falls below a given threshold, 7, can be
simply obtained as Poys = Fy,,. (Vin)-

High SNR approximation: For high values of 7, i.e., low
values of the normalized outage threshold, ~¢;, /7, and using
[20, eq. (06.06.06.0004.01)], Py, can be approximated as

_ L EL/2
Po ~G (L,k, la) L)
k =7,

while for the correlated case P, can be approximated as

(28)

0o |atn—h—1|

2

n,h=0

H(1—pr)(1—pc)"

22T+17’L‘172
14+27—14
8kytn AT
el

1 + 21 — 7:172
29)

out

21,12=0

2 (r=2h—1]+i,—1/2)!
[U |T—2h—1—lz—1/2)]

3) Average Channel Capacity: The average channel capac-
ity, in the Shannon’s sense, is defined as C' £ B, [, log, (1+
Y) frege (7) Ay, [23], where B, is signal bandwidth. Hence,
using (20), making a change of variables of the form
x = ~Y2, and following a procedure similar to that in
[24, App. B] the following integral needs to be solved
Jo" @V exp(—pa)/ (22 + 1) da. This integral can be solved
with the aid of [15, eq. (3.389/6)], and consequently using
this solution, the capacity of L-branch EGC for independent
KC fading channels can be expressed in closed form as

6—g<L,k,Z,a>
1727~
xl2(g>
Y
2 /2 =
kL (Ep—m)7w
1+h 9 2= pz U7
el (3) )|

1/2
N —
(30)

B,LE/2 S5 (2, — 1)
=; — |
In2 &= (5 —m)

F(EL—m—l—l)
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Fig. 1. Pous of EGC receiver versus vy, /7 for several values of L and k.

Furthermore, for correlated K fading channels, the average
channel capacity with EGC can be obtained as

o |atn—h-—1|

o=y

By,H (07/2k)(i1’2_1)/2_"_h
(1- PR)k_l In2
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xr[m—1—27—ﬁgx—nm1% —J
0y

IV. NUMERICAL RESULTS AND DISCUSSION

m/2
) D27 —i1p+2—m)

3L

In this section, using the previously derived theoretical
analysis for the performance of EGC receiver, representative
numerical evaluated results for the P.,;, ABEP, and C are
presented and discussed. These performances have been in-
vestigated under a wide range of K fading and shadowing
conditions. Furthermore, it should be noted that for all the
considered ranges of values of the correlated statistics, quick
rates of convergence of the infinite series have been observed.

In Fig. 1, assuming independent fading conditions and using
(21), the outage probability, Py, is plotted as a function of
the normalized outage threshold, i1, /7, for various values of
L and k. It is depicted that P, improves by increasing L
and/or k. Similar behavior is also observed in Fig. 2, where by
considering correlated fading conditions and using (23), Py
is plotted as a function of 4y, /7 for p = 0 and several values
of k, pr. The P,y improves by increasing k and/or decreasing
pr- In Fig. 3, assuming the BPSK modulation scheme and
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using (24), the ABEP is plotted as a function of the average
input SNR, 7, for several values of k£ and L. As expected
the ABEP improves by increasing the diversity order and/or
improving the fading/shadowing conditions.

In Fig. 4, using (30), the normalized average channel
capacity, C' = C/B,,, is plotted as a function of the number
of branches, L, for several values of k and 7. It is interesting
to note that C' increases more rapidly for low values of L
and high values of 7, while for high values of k, C' does
not significantly improve. Finally, in Fig. 5, C is plotted as
a function of the correlation coefficient pR,Afor k = 1.5,
pc = 0.2 and several values of 7. Clearly, C' improves by
increasing 7y, while C' decreases rapidly only for high values
of pr. For comparison purposes, we have run Monte Carlo
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simulations with more than 10?4 samples' and these results
are also included in Figs. 1-5, verifying in all cases the validity
of the proposed theoretical approach.

V. CONCLUSIONS

In this paper important statistical properties of the sum of
K RVs, independent or not, are studied. More specifically,
a closed-form expression for the PDF of the sum of not id
K variates is derived, while for the correlated case the PDF
is expressed with the aid of fast converging infinite series.
Considering id RVs, simplified expressions are obtained for

ICorrelated C samples are generated by multiplying correlated Rayleigh
samples with correlated Nakagami-m samples.
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the PDF, while the CDF and CF are also derived in terms
of tabulated functions. Capitalizing on the theoretical results,
the performance of EGC diversity receiver operating over K
composite fading channel, has been analyzed, in terms of the
ABEP, P, and C'. Various numerical performance evaluation
results complemented by equivalent computer simulation ones
have been presented, indicating the influence of fading, shad-
owing and correlation to the performance of the EGC receiver.

APPENDIX
PROOF OF THEOREM 1

In order to prove Theorem 1, a similar approach as in [22]
is followed. Assuming k; = ay + 1/2, with «p € N and using
[15, eq. (8. 468)] in (1), the PDF of X, can be expressed as

Z \/— (o +ig — 1)1 21720 inrikrl
Ot[ — Z[ — 1)' F (kz)
Y (A-1)

. T
X xX 7" exp (—2—) .
V&
For Z; = X1 + X», using (A-1) in [19, eq. (6.40)], the PDF
of Z1 can be evaluated as

fz,(z alzl QQZI (H Sg> exp ( \/Q_>

11 =0 12=0 =1

X /O 2272 (7 — )™ M exp K\/Lﬂ_l - \/LQ_J x] dz

fx.(z

1p=0

The integral in (A-2) can be solved in closed form with the
aid of [15, eq. (3.383/1)], and hence, (A-2) yields

a;—1ags—1
fZ1 Z Z (HS[) al—i1+1,a2—i2—|—1)

11=0 12=0 /=1

X Za1+a27i1,2+1 eXp <_2 z >

Vi
X \F { 0+ 1 ' +2( 2 2 ) }
g — 1 s — 11, == —= ]z
11| — o 1,2 — 1,2 N R
(A-3)

where B (-,-) is the Beta function and 1 F} (-;-;-) is the
confluent hypergeometric function. Furthermore, using [20,
eq. (07.20.03.0024.01)] in (A-3) and after some mathematical
manipulations, fz, (z) can be obtained in closed form as

o1 — 10&2 1
XEED 9 30 o ol | A I8!
i1=0 i2=0 j1= 0b1“70
bl-n
(_Al - A2 - )A2+1 Al—? (_Ajl)blvjl
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X (A-4)

bl,jl

X 21t exp (—Aj, 2)

where A, = oy — iy, Ay = 2(1/930)1/2 and A,_, =
2 [(1/9%)1/2 - (1/Qy)1/2]. For Zs = Zy + X3, the PDF of
Z5 can be evaluated, using (A-4) as

fra(z2) = / fn(@fxz -z (AS)
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Hence, following a similar procedure as the one used for
deriving (A-4), the PDF of Z, can be obtained as (A-6), as
shown on the top of this page.

Finally, by repeating the same procedure L times, the
generalized form of the PDF of the sum of L K RVs can
be obtained as in (4).
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