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Abstract—We study the performance of L-branch equal-gain
combining (EGC) and maximal-ratio combining (MRC) receivers
operating over nonidentical Weibull-fading channels. Closed-form
expressions are derived for the moments of the signal-to-noise
ratio (SNR) at the output of the combiner and significant per-
formance criteria, for both independent and correlative fading,
such as average output SNR, amount of fading and spectral
efficiency at the low power regime, are studied. We also evaluate
the outage and the average symbol error probability (ASEP) for
several coherent and noncoherent modulation schemes, using a
closed-form expression for the moment-generating function (mgf)
of the output SNR for MRC receivers and the Padé approximation
to the mgf for EGC receivers. The ASEP of dual-branch EGC and
MRC receivers is also obtained in correlative fading. The proposed
mathematical analysis is complimented by various numerical re-
sults, which point out the effects of fading severity and correlation
on the overall system performance. Computer simulations are also
performed to verify the validity and the accuracy of the proposed
theoretical approach.

Index Terms—Amount of fading (AoF), correlated fading, equal-
gain combining (EGC), maximal-ratio combining (MRC), outage
probability, spectral efficiency (SE), Weibull fading channels.

I. INTRODUCTION

IVERSITY combining is one of the most practical, ef-

fective and widely employed technique in digital com-
munications receivers for mitigating the effects of multipath
fading and improving the overall wireless systems performance.
The most popular diversity techniques are equal-gain combining
(EGC), maximal-ratio combining (MRC), selection combining
(SC) and a combination of MRC and SC, called generalized-se-
lection combining (GSC). The performance of EGC and MRC
diversity receivers has been extensively studied in the open tech-
nical literature for several well-known fading statistical models,
such as Rayleigh, Rice and Nakagami-mn assuming indepen-
dent or correlative fading (see [1]-[6] and references therein).
However, another well known fading channel model, namely
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the Weibull model, has not yet received as much attention as
the others, despite the fact that it exhibits an excellent fit to ex-
perimental fading channel measurements, for both indoor, as
well as for outdoor environments [7]-[10]. Considering related
works on diversity combining in Weibull fading, Alouini and
Simon [11] have been presented an analysis for the evaluation
of the GSC performance over independent Weibull fading chan-
nels. Recently, some other contributions dealing with switched
and selection diversity, as well as second-order statistics over
Weibull fading channels have been presented by Sagias et al. in
[12]-[15]. In these works, useful performance criteria including
the average output SNR, outage probability, and the bit-error
rate performance have been studied.

In this paper, we present a moments-based approach to the
performance analysis of L-branch EGC and MRC receivers, op-
erating in independent or correlated, not necessarily identically
distributed (i.d.), Weibull fading. For both EGC and MRC re-
ceivers the moments of the output signal-to-noise ratio (SNR)
are obtained in closed-form. An accurate approximate expres-
sion is derived for the moment-generating function (mgf) of
the output SNR of the EGC receiver utilizing the Padé approxi-
mants theory [16], while a closed-form expression for the corre-
sponding mgf of the MRC, is obtained. Significant performance
criteria, such as average output SNR, amount of fading (AoF)
and spectral efficiency (SE) at the low power regime, are ex-
tracted in closed-forms, using the moments of the output SNR
for both independent and correlative fading. Moreover, using
the well-known mgf approach [1], the outage and the average
symbol error probability (ASEP) for several coherent, nonco-
herent, binary, and multilevel modulation schemes, are studied.
The ASEP of dual-branch EGC and MRC receivers is also ob-
tained when correlative fading is considered in the diversity
input branches. The proposed mathematical analysis is illus-
trated by various numerical results and validated by computer
simulations.

II. SYSTEM AND CHANNEL MODEL

‘We consider an L-branch diversity receiver operating in a flat
fading environment. The baseband received signal at the (th,
{=1,2,..., L, diversity branch is

2o = sagexp(96e) + ne 1)

where s is the transmitted symbol, a, is the fading envelope,
9 = v/—1, ng is the additive white Gaussian noise (AWGN) with
a single-sided power spectral density Nq and 6, is the random
phase due to Doppler shift and oscillators frequency mismatch.
The phase 6, is uniformly distributed over the range [0, 27] and
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the noise components are assumed to be statistically indepen-
dent of the signal and uncorrelated with each other. The channel
is considered slowly time varying and, thus, the phase can be
easily estimated.

Let us assume that a, is a two-parameter Weibull random
variable (rv), with probability density function (pdf) given by

[17]
a B-1 a ¢
w21 (5) )] e
Wy Wy Wy

where 3 and w, are the fading and scaling parameters,
respectively, and a? is the average power of fading. The
scaling parameter is related to the average power of fading as
a?/T'(dy), where d, = 1+ 7/f3,7 is a real constant
and I'(-) is the Gamma function [18, eq. (6.1.1)]. Moreover,
[ expresses the fading severity. As [ increases the severity
of fading decreases, while for § = 2, (2) reduces to the
well-known Rayleigh pdf. The cumulative distribution function
(cdf) and the moments of a, are given by

8
Fo,(a) = 1—exp [— (Z—j) ] (3)

E{af) = wiT(dn) (4)

Wy =

and

respectively, where n is a positive integer and E(-) denotes
expectation. The instantaneous output SNR of EGC or MRC
receivers can be written as

I L §+1
_ s —&+2
Your = Aea (Z a; ) (5)

=1

where for MRC ¢ = 0 and for EGC ¢ = 1,A¢,, = (L7 —
1)¢ + 1 and E is the transmitted symbol-energy.

Next, we briefly present the necessary theoretical framework
for the bivariate Weibull distribution, which will be used to
study the performance of diversity receivers in correlative
fading. The complementary cdf (or survival function) of the
bivariate Weibull distribution has the form [19]

g 21°
ﬁal,ag(ahaZ) = eXp - [(%) + (Z_Z> ‘| (6)

where 6,0 < ¢ < 1, is a parameter which is related to the corre-

lation coefficient, defined p 2 cov(ai, as)//var(a)var(as),
as

_ D2(ds)(dy) = ()L (d)
0 T Ty [ (dy) — T2(ch)]

(7

By substituting (3) and (6) in [20, eq. (6.22)], the cdf of a; and
a9 can be derived as

g 27°
Fahaz ((11702) =1 +exp{ — [(%) + (Z_Z) ]
7 8
— exp [— <ﬂ> ] — exp [— <E> ] . @®)
w1 Wa

For independent input paths, p = 0 (i.e., 6 = 1), (8) can be
written as a product of two Weibull cdf’s. Differentiating (8) the
joint pdf of a; and as can be extracted in a rather complicated

form, while the covariance of a; and as (joint moments of order
n + m)is [19]

C))

III. MOMENTS OF THE OUTPUT SNR

By definition and using (5), the nth order moment of the com-
biner’s output SNR is

E n L n(&+1)
E <’Ygut> = )‘f,n (FZ) E < (Z ai_£+2+> > .
i=1

(10)
Expanding the term (Z,L-Lzl a;£+2+)"(£+1), using the multino-
mial identity [18, eq. (24.1.2)], (10) can be rewritten as

Bl = e (2 ) e+

E <a’1"1(2’5) . alzL<2fs>>
kyl--kp!

n(§+1)

(11)
ki yeesk =0
ki+--t+kp=n(+1)

or, in terms of the instantaneous SNR of each diversity path
ve = a?E4/Ny, as

ENVgur) = Aenln(€ + 1!

k1 kL
n(g+1) E<Wf B 1>
.12
X . Z kyle-kp! 12)
01,0,k =0
byt =n(641)
For uncorrelated input paths, the mean product term
E(fyfl/(“l) . .fygL/@H)) can be expressed as
ey Br L i
E<'yf 1...7,§+1> = HE<7;“> (13)
i=1
where E(v;') is obtained from (4) as
F(dZn) _
E{y}) = v (14)
(7[ > rn(dZ)’YI
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and 7, is the /th average input SNR. By substituting (13) and
(14) into (12), the moments of the EGC or MRC output SNR
for independent but not necessarily i.d. input branches can be
written in a simple and closed-form expression given by

n )\,’ﬂ
B (Vo) = gy (€ + LI
Sy 1r d e 1
<2 gt (e ) as)
k..., k7, =0 j=1

ki+-t+kp=n(E+1)

For dual diversity (L = 2) with correlated input paths, the
term E('yfl/(Hl)y;Q/(Hl)), appearing in (12), can be evalu-
ated, using (9), as

F(dQnS)F(dZmS)F [d2(n+m)]
El n m — =N —m
(i2") = MW g (@)L [dagnmys]

(16)

and, thus, the nth moment of the output SNR for dual EGC or
MRC can be expressed in closed-form by substituting (16) in
(12) for L = 2, as

n 2—5"F(d2n)
E <’Yout> - Fn(dQ)Fn(dQ(Sn)
n(€+1)

3

k=0

X (35 ) T [ 1)

where C@Ij 1>> — [n(€ + D]/ R (€ + 1) — K1} To the

best of

a7

the authors’ knowledge, (15) and (17) are novel.

A. Average Output SNR

When the receiver employs MRC, the average output SNR
AMRC, can be easily obtained both for independent and correla-
tive fading, setting £ = 0 and n = 1 in (12), which leads to the
well-known formula y\rc = Zle ~;. In this case, the fading
correlation does not affect the average output SNR performance.

For independent input paths with EGC diversity, after
straightforward mathematical manipulations, the average
output SNR can be derived in closed-form setting n» = 1 and
& = 1in (15) as

) N Pz(dl)Li—l -
TEGC = T ;%-I—ZF(dQ) ;;\/%‘%’ (18)

while for independent and identically distributed (i.i.d.) input
paths (¢ = 7o, V¥), (18) reduces to

YeGC = P-+(L__1)F20h)}

(dy) | T 19)

—p=1

—+— MRC /j
"p=08 = EGC g

Normalized Average Output SNR, y /7y,
w e
T T

(S}
T

Number of Branches, L

Fig. 1. First branch normalized average output SNR of EGC and MRC, versus
L, with constant correlation, exponentially decaying pdp and 3 = 2.5.

For correlated input paths, the average output SNR of EGC
YEGc can be obtained by setting » = 1 and £ = 1 in (12),
yielding

YeEGC = — (20)

L

L 9%
5 53 E7<7f kel >
Lkl

ki,..,kp =0
R

It can be easily recognized that in the above equation only the
terms of the form £ <’yll / 27; / 2) have to be evaluated. Therefore,
using (20), the average output SNR of the L-branch EGC re-
ceiver over correlated Weibull fading channels can be expressed

in a simple and closed-form expression as

L 2 i

L
YeGC = % Zﬁi+2r($3 Z;Z\/ﬁ

i=1 i=2 j=1

2n

Note, that for § = 1, (21) reduces to (18), while for i.d. input
branches simplifies to

(22)

Jeae = [1 (- 1)F2(d5)} -

T'(das)

Assuming constant correlation among the EGC and MRC
branches and an exponentially decaying power delay profile
(pdp) (J¢ = 1 exp[—¢(£ — 1)]), Fig. 1 plots the first branch
normalized average output SNR of EGC and MRC, as a func-
tion of L, for # = 2.5, various values of p and power decay
factor ¢. In contrary to the behavior of the average SNR at the
MRC output—which is unaffected by the correlation—the av-
erage output EGC increases as the correlation increases. Also,
the combining loss of the receiver gets more accentuated as ¢
increases. Note, that with an increase of p it can be easily veri-
fied that, not only the normalized average output SNR increases,
but also the variance of the output SNR increases.
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B. Amount of Fading (AoF)

The AoF is a unified measure of the severity of fading, which
is typically independent of the average fading power and is de-
fined as [1]

E <73ut >
’Vgut

ar(’yout) _

Ap 2 5 ~1. (23)
Yout

When the receiver employs MRC, the first and second moments
of the output SNR needed in (23), can be derived in closed-form
for arbitrary number of correlated nonidentical branches, using
(12). Moreover, for EGC the AoF can be evaluated in closed-
form for independent, nonidentical input paths, using (15) and
for dual diversity with correlative fading, using (17).

C. Spectral Efficiency (SE)

The AoF can be used to study the SE of a flat-fading channel
in the very noise (low power) region [21]. In such a region, the
minimum bit energy Fj per noise level, required for reliable
communication is (Ey/No)min = —1.59 dB and the slope of
the SE curve versus E;, /Ny bit/s/Hz per 3 dB, at (Ey,/No ) min 18
[22]

2E%(r?) B
E(r4)

2:7021115
E <fygut>
with r being the combiner’s output envelope. Using (23), a

useful expression for the slope of the SE in the very noise
region can be obtained as

So = (24)

2

Sp = .
O Ar+1

(25)

IV. ERROR PERFORMANCE AND OUTAGE PROBABILITY

Using the well-known mgf approach, the ASEP P, for sev-
eral coherent (e.g., M-AM, binary phase shift keying (BFSK),
M-PAM, M-PSK and M-QAM) and noncoherent (e.g., non-
coherent BFSK (NBFSK) and M -DPSK) modulation schemes
and the outage probability P,,;, are studied.

A. Average Symbol Error Probability (ASEP)
1) MRC: Using (2), (4), and v, = aZE /Ny, the mgf of the
output SNR of an MRC receiver, M.,,...(s) = [T=; M., (s),

where M., (s) is the mgf of the SNR of the /th input path,
operating over independent Weibull fading channels is

o B
"B . 2
X /’Yi2 Lexp l—s’n - ( gL ) ] dvyi.  (26)
. a%i
0

This integral can be evaluated in closed-form as follows. By
expressing the exponential function as a Meijer’s G-function
23, eq. (9.301)], i.e., exp[—g(z)] = G{[g(z)]5] (124, eq.

(11)], where g( - ) is an arbitrary function, (26) can be written as

M’YMR( (S) =

1 :] =
=
Sl

1 2(a%:)
® e L0 =] L0 ) ®
% /0 f G0 1 [s%'o} “o.1 <a%->

Using [24, eq. (21)], (27) can be expressed in closed-form as

0 ] dvi.  (27)

L k\E (1)\3
Mol = [T 2 UL

/ 1-8 2-8 -2
k,l (a”y,)_% It 127 127 ’ 12
XGI,]C Sl kk 07%7%7. 7% (28)
with
[
P=s 29

where k and [ are positive integers. Depending upon the value of
[, a set with minimum values of £ and [ can be properly chosen
in order (29) to be valid (e.g., for 3 = 2.5 we have to choose
k = 4 and I = 5). Note, that for the special case of 3 integer,
k = 2and [ = (3. To the best of the authors’ knowledge, (28) is
novel.

2) EGC: Unfortunately, there is not readily available any
analytical expression for the mgf of the output SNR for EGC re-
ceivers operating in Weibull fading. Therefore, we propose the
use of the Padé approximants [16] as an alternative and simple
way to approximate this mgf and consequently to evaluate the
ASEP for this kind of diversity receivers. By definition, the mgf
is given by

Mopio(s) £ (30)

E(exp(svEGe))
and it can be represented as a formal power series (e.g., Taylor)
as

€1V

Although the moments of all orders E () for the L-branch
EGC can be evaluated in closed-forms using the analysis of Sec-
tion III, in practice, only a finite number N can be used, trun-
cating the series in (31). A Padé approximant to the mgf is that
rational function of a specified order B for the denominator and
A for the nominator, whose power series expansion agrees with
the Nth-order (N = A + B) power expansion of M, .. (s),
ie.,

A i
EL 0 Gis
1+Z1 lb sl

A+B

=2

Ria/p(s) =

VEGC

"4+ Oo>sNh (32)
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Fig. 2. ASEP of BPSK versus average SNR of the first branch for EGC and
MRC with 8 = 2.5.

with O(s™V*1) being the remainder after the truncation and b;
and ¢; real constant values [25]. Hence, the first (A + B) mo-
ments are need to be evaluated in order to construct the ap-
proximant Ry, pj(s). In our analysis, M. (s) is approx-
imated using subdiagonals (R[4/441](s)) Padé approximants
(B = A+1), since itis only for such order of approximants that
the convergence rate and the uniqueness can be assured [16],
[25].

Using the mgf expressions, either in closed-form using (28),
for MRC, or with the aid of Padé approximants, for EGC
and dual correlated MRC using (15) and (17), respectively,
the ASEP can be directly calculated for noncoherent and
differential binary signaling [e.g., NBFSK and binary DPSK
(BDPSK)], since for all other cases (e.g., BPSK, M-PSK,
M-QAM, M-AM, and M-DPSK), single integrals with finite
limits and integrands composed of elementary (exponential
and trigonometric) functions, have to be readily evaluated via
numerical integration. Some numerical results for the ASEP are
presented to illustrate the proposed mathematical analysis. Figs.
2 and 3 plot the ASEP of BPSK and 16-QAM, respectively, of
EGC and MRC, versus the average SNR of the first branch,
for i.d. input paths with # = 2.5 and for several values of p
and L. Figs. 2 and 3 show that the error performance of MRC
is always better than that of EGC, while the diversity gain de-
creases for both combiners with the increase of the correlation,
as expected. In the same figures, computer simulations results
are also plotted for comparison purposes, in order to check
the accuracy of the proposed Padé approximants approach. As
it is clear an excellent match between computer simulations
and analytical results is observed. To the best of the author’
knowledge such curves, for the ASEP, are presented for the
first time in the literature. Note, that although the normalized
average output SNR of the EGC increases with p, as mentioned
in Section III, the ASEP deteriorates. Thus, the average output
SNR is not suitable performance criterion to study the perfor-
mance of EGC and MRC in correlative fading.

se

I
ar
m
%)
<
0 5 10 15 20 25 30 35 40
Average SNR per Symbol, 7, (dB)
Fig.3. ASEP of 16-QAM versus average SNR of the first branch for EGC and

MRC with 3 = 2.5.

B. Outage Probability

If .1 is a certain specified threshold, then the outage prob-
ability is defined as the probability that the combiner’s output
SNR, v,ut, falls below ~;; and is given by [1]

Pout(fyth) = F'Yout('yth) = ‘C_l [w} (33)

S

Yout=Yth

where F'Yout(Yout) is the cdf of the combiner’s output SNR,
L71(-) denotes the inverse Laplace transform and M.,_, (s) is
either M., (s) for EGC, or M, (s) for MRC. For EGC,
the Padé rational form of M., .. (s) is

M

)

1

A g ,
Zi:o Ci$ _ Z /\’L (34)

1+3°8 bisi & s+pi
where {p;} are the poles of the Padé approximants to the mgf,
which must have negative real part and {\;} are the residues.
Using the residue inversion formula, the outage probability can
be easily evaluated from (33) in closed-form as

B

Z

Pt (ven) eXP —DiVth)- (35)

For MRC, due to the complicated form of M., .. (s), the
outage probability can be evaluated using an accurate algorithm
for numerically inverting Laplace transforms of cdfs, which is
summarized in [26].

In Fig. 4, the outage probability for EGC and MRC is plotted
versus the normalized threshold vy, /71, for i.d. input paths and
for several values of p and L. Similar with the ASEP, the outage
performance deteriorates with an increase of the correlation be-
tween the two diversity paths (higher values of p), while the
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Fig. 4. Outage probability v, /71 versus of EGC and MRC with 5 = 2.5.

outage performance improves with an increase of the number
of the combiners branches.

V. CONCLUSION

A performance analysis of the L-branch MRC and EGC re-
ceivers operating over Weibull fading channels, was presented.
Approximated expressions were derived for the mgf of the
output SNR for EGC utilizing the Padé approximants theory,
while a closed-form expression for the corresponding mgf of
the MRC was obtained. For both EGC and MRC receivers the
moments of the output SNR were obtained in closed-form.
Furthermore, significant performance criteria, such as average
output SNR, AoF, SE at the low power regime, outage proba-
bility and ASEP were studied. We have observed, that although
an increase of the correlation between the diversity branch
leads to an increase of the normalized average output SNR,
the outage probability and the ASEP deteriorate. Thus, the
normalized average output SNR is not the appropriate metric to
study the EGC performance in correlative fading.
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